Modal Decision Problems

Frank Wolter

Department of Computer Science, University of Liverpool, Liverpool L69 7ZF, U.K. frank@ csc. liv. ac. uk

Michael Zakharyaschev

School of Computer Science and Information Systems, Birkbeck College, University of London, Malet Street, London WC1E 7HX, U.K.

michael@ dcs. bbk. ac. uk

Contents

1 Modal Logic as ‘die Klassentheorie’ 2 2 Thomason’s analysis 3 3 Normal modal logics 6 3.1 Blok’s dichotomy 8 3.2 Chagrov’s classification 12 3.3 Postmortem 16 4 Syntactical classes of modal logics 17 4.1 Sahlqvist logics 18 4.2 Uniform logics 20 4.3 Logics with �-axioms 21 4.4 Logics with noniterative axioms 22 4.5 Modal reduction principles 22 4.6 Logics with n-variable axioms 23 5 Semantically constrained classes of modal logics 24 6 Frame-theoretic characterisation 27 6.1 Canonical formulas for K4 28 6.2 Canonical formulas for tense logics of linear time flows 33 7 Decision problems for tense logics 35 8 Subframe logics 38 9 Superintuitionistic logics 43 9.1 Intuitionistic frames 44

9.2 Canonical formulas 45 9.3 Modal companions and preservation theorems 46 9.4 Completeness 48 9.5 Medvedev’s logic 49 References 50

1 Modal Logic as ‘die Klassentheorie’

There are different views on the subject of Modal Logic. For the purpose of this chapter it is important to distinguish between two of them.

According to the local view, Modal Logic deals with a number of concrete modal logics. Since the beginning of the 20th century developers and users of Modal Logic from philosophy, mathematics, computer science, artificial intelligence, linguistics and other fields have introduced and investigated dozens of particular modal logics suitable for their needs: epistemic, provability, temporal, dynamic, description, spatial to mention just a few.

With the number of concrete modal logics introduced in the literature growing, there came an understanding that it may be interesting and important to formulate general abstract notions of what a modal logic could be and to investigate these modal logics per se.| The pioneers of this global Not_{clear?} approach were Scroggs [127] who considered all extensions of S5, Dummett and Lemmon [33] who studied all logics between S4 and S5, Bull [14] and Fine [40] who investigated the logics containing S4.3, and Lemmon [86,87,88] and Segerberg [129] who launched a systematical investigation of various classes of modal logics. Two other influential figures that should also be mentioned here are Kuznetsov [81,84,85] and Jankov [67,66,68,69] who investigated the class of all extensions of intuitionistic propositional logic which is closely related to the class of modal logics containing S4; see Section 9.

Although not formulated explicitly, the ‘globalist’s’ dream research programme was to develop a mathematical machinery that could provide general solutions to the following major problems:^1

(i) given a class of models/structures, axiomatise the modal logic it determines, decide in an effective way whether it has certain important properties, say, decidability, compactness, interpolation, etc., and determine its computational complexity.

(ii) given a modal logic in the form of a finite set of axioms and inference rules, characterise the (simplest, smallest, largest, etc.) class of models/structures with respect to which this logic is sound and complete, decide in an effective way whether it has important properties as above, and determine its computational complexity.

This research programme is formulated in quite general terms and therefore can be interpreted in various ways. For example, it is not specified what kind of classes of frames/models we consider and what kind of axiomatic systems we take into account. Of course, different interpretations may lead to different solutions, but anyway first results within this ambitious programme looked very promising indeed! For example, Bull [14] proved that all extensions of S4.3 have the finite model property and Fine [40] showed that all of them are finitely axiomatisable, and so decidable. (Actually, Dummett and Lemmon [33] claimed that all logics between S4 and S5 have the finite model property, but their proof was wrong: ten years later Jankov [68] constructed a counterexample.) In view of Makinson’s theorem [94], one can effectively decide whether a given logic above K is consistent. Maksimova [95,97]

1 Kuznetsov did formulate such problems explicitly in the context of superintuitionistic logics; e.g., given an axiomatisation of a superintuitionistic logic, can we decide in an effective way whether the logic is characterised by a finite algebra?

proved that two properties of logics containing S4—tabularity and interpolation—are decidable as well. It seems that many modal logicians did believe in an eventual success of this Big Programme.

In this chapter we analyse the development of Modal Logic within the research framework formulated above, starting from the beginning of the 1970s, although not necessarily in chronological order; for a historical analysis of mathematical modal logic the reader is referred to the recent paper of Goldblatt [57] and notes in [26]. Because of space limitations, we mainly concentrate on normal (multi-) modal logics and their decidability and completeness (in particular, with respect to Kripke or finite frames).

Roughly, our plan is as follows. We start in Section 2 with Thomason’s explication (i^′) of the semantical part (i) of the research programme above. Then, in Section 3, we lay the foundation for the most important syntactical notion of Modal Logic, namely, that of a normal modal logic. Having introduced an adequate semantics for normal modal logics in terms of general frames, we discuss in detail Blok’s dichotomy in order to clarify the difference between Thomason’s semantical definition of modal logics and the syntactically defined normal modal logics. Based on this discussion, we then come to the appropriate refinement (ii^′) of the syntactical part (ii) of the research programme for normal modal logics and solutions to it given by Chagrov and Thomason.

Although beautiful from a mathematical point of view, the results of Thomason and Chagrov are ‘negative’ in the sense that almost all general algorithmic problems formulated in the Big Research Programme turn out to be undecidable. In the same way as the negative solution to the classical decision problem of Hilbert transformed the original problem into a classification problem, the ‘negative’ solution to the modal decision problems brings us down to a more ‘modest’ and realistic ‘relativisation’ of the programme to various syntactically or semantically defined classes of modal logics.

In Section 4, we consider logics axiomatised by formulas satisfying certain syntactical constraints, in particular, Sahlqvist formulas, uniform formulas, modal reduction principles, etc., and see whether such constraints allow us to prove general decidability/completeness results. In Section 5, we survey the literature on general decidability/completeness results for logics with some ‘strong’ axioms, say, extensions of tabular and pretabular logics, logics of finite depth and width, extensions of S4.3, K5, etc.

Then, in Section 6, we discuss an attempt to attack the Big Research Programme for normal extensions of K4 (that is, unimodal logics with transitive general frames) and the tense logic Lin (of linear flows of time) by means of finite representations of modally definable classes of frames via frame and subframe formulas of Jankov and Fine [69,41,45] and more general ‘canonical’ formulas of [172,174,163]. This technique will be also used to draw and discuss connections between extensions of S4 and superintuitionistic logics in Section 9.

In Section 7 we provide a ‘positive’ solution to the Big Research Programme for the class of all tense logics of linear flows of time. In fact, it turns out that for this class of logics all the questions posed in the programme are decidable (sometimes even in nondeterministic polynomial time).

In Section 8, we consider the class of subframe logics—i.e., logics determined by classes of (general) frames closed under the formation of substructures in the standard model-theoretic sense—and explore to what extent the research programme can be realised for this semantically defined class of modal logics.

A number of important open problems are formulated throughout the chapter.

2 Thomason’s analysis

As we saw in Chapter ??, the standard propositional modal language with a countably infinite set of propositional variables (say, p_0, p_1, . . . ), the Boolean connectives ∧, ¬ (and their derivatives →, ∨, etc.) and unary modal operators �_1, . . . , �_n can be regarded as a basic tool for talking about relational structures F = ⟨W, R_1, . . . , R_n⟩, where the R_i are binary relations on W ≠ ∅. We denote this n-modal language by ML_n and call F an n-frame or simply a (Kripke) frame, if n is understood.

ML_n is interpreted in n-frames by means of valuations V which associate with every propositional variable p_i a subset V(p_i) of W . The pair M = (F, V) is called a (Kripke) model based on F. Given an ML_n-formula φ, the truth-relation (M, x) |= φ, read as ‘φ is true at x in M’ (for x ∈ W ), is defined by induction on the construction of φ as follows:

(M, x) |= p_i iff x ∈ V(p_i),

(M, x) |= ψ ∧ χ iff (M, x) |= ψ and (M, x) |= χ,

(M, x) |= ¬ψ iff not (M, x) |= ψ,

(M, x) |= �_jψ iff (M, y) |= ψ for all y ∈ W such that xR_j y.

If (M, x) |= φ does not hold then we write (M, x) |̸= φ and say that M refutes φ at x. Instead of (M, x) |= φ and (M, x) |̸= φ we write simply x |= φ and x |̸= φ, if M is understood. A formula φ is said to be true in M (M |= φ, in symbols) if x |= φ for all x ∈ W ; φ is satisfied in M if x |= φ for some x ∈ W . We say that φ is valid in the frame F (or F validates φ) and write F |= φ if φ is true in all models based on F; φ is satisfiable in F if it is satisfied in some model based on F. For a set Γ of ML_n-formulas, we say that F is a frame for Γ if all formulas from Γ are valid in F. In this case we write F |= Γ. A formula φ is Γ-satisfiable if it is satisfiable in a frame for Γ. Finally, we write Γ |≍ φ if φ is valid in every frame for Γ (that is, if φ is a semantic consequence of Γ over Kripke frames).

As in classical first-order logic, given a class K of structures for our language—that is, a class of n-frames—we define the theory Th K of K by the equation

Th K = {φ ∈ ML_n | φ is valid in every frame from K}.

For example, as we know from Chapter ??,| K_n is the theory of the class of all n-frames and S4 is Ref_{miss-} ing the theory of the class of all partial orders (or all quasi-orders).

Conversely, given a set Γ of ML_n-formulas, denote by Fr Γ the class of frames for Γ. For example, Fr {�p → �p} is the class of all transitive frames F = ⟨W, R⟩. This and other similar results were in fact obtained by Kripke in his seminal paper [79].

Being equipped with these notions and notations, let us take a closer look at the research programme from Section 1. Clearly, problem (i) depends on how exactly the class of models/frames we are interested in is presented. For example, it can be given as the class of structures satisfying certain first- or second-order sentences. This understanding of (i) would lead us to the branch of Modal Logic known as correspondence theory (which was partially considered in Chapters ?? and ??;| see Ref_{cor-}

rect?

also [156]). In the pure modal perspective, it makes sense to describe frame classes by means of modal formulas, namely as Fr {φ}, for φ ∈ ML_n. Thus, we arrive to our first precise approximation of (i):

(i^′) given an arbitrary ML_n-formula φ, axiomatise Th Fr {φ} = {ψ ∈ ML_n | φ |≍ ψ}, decide in an effective way whether Th Fr {φ} has certain important properties, say, consistency, decidability, interpolation, etc., and determine its computational complexity.

Note that this problem is not as trivial as it might look from first sight. Of course, for numerous formulas φ the theory Th Fr {φ} was axiomatised and thoroughly investigated a long time ago. Wellknown examples are, for instance, T = Th Fr {�p → p}, the theory of the reflexive frames, and K4 = Th Fr {�p → �p}, the theory of the transitive frames; see Chapter ??.| Our concern here, Ref_{cor-}

rect?

however, is not some particular formulas, but effective axiomatisation procedures which could work for all modal formulas. Such a procedure is available, for example, for first-order logic: by Gödel’s completeness theorem, given a first-order sentence φ, we can axiomatise the theory of structures validating φ by adding φ as an extra axiom to any standard Hilbert-style first-order system. But do we have a Gödel-type completeness theorem for ML_n with respect to Kripke frames?

A comprehensive analysis of problem (i^′) was launched by S. Thomason in his series of papers [140,141,143,145,144].

Theorem 2.1 (Thomason) (a) There is an ML_1-formula φ such that the set

Th Fr {φ} = {ψ ∈ ML_1 | φ |≍ ψ}

is Π^1-complete (in particular, it is not recursively enumerable).

(b) There is no algorithm which is capable of deciding, given an ML_2-formula φ, whether the theory Th Fr {φ} is consistent, or, equivalently, whether there exists a 2-frame validating φ.

(c) There is a set Γ of ML_1-formulas and an ML_1-formula φ such that Γ |≍ φ, but Δ |≭ φ for any finite Δ ⊂ Γ.

(d) For every n < ω + ω, there is an ML_2-formula γ_n such that every rooted frame validating γ_n is of cardinality ℶ_n and, moreover, all such frames are isomorphic.^2 (Here ℶ_0 = ℵ_0, ℶ_{m+1} = 2^{ℶm} , and ℶ_ω = lim{ℶ_m | m < ω}.)

Theorem 2.1 (a) shows that the first part of research problem (i^′) cannot be solved, while both (a) and (b) indicate that the second part is also hopeless. In fact, this theorem clearly shows that modal theories behave similarly to second-order logic: we do not have any of the classical properties of first-order logic such as compactness, recursive enumerability of valid formulas or the Löwenheim– Skolem theorem. Moreover, as was observed by Segerberg [129], there are ML_1-formulas φ such that Fr {φ} is not first-order definable. Perhaps, the best known example is the Löb formula

la = �(�p → p) → �p

which is valid in a frame F = ⟨W, R⟩ iff F is transitive and contains no infinite ascending chain x_1Rx_2Rx_3 . . . . The latter condition is not definable in first-order logic.

Thomason proved his results (a) and (c)| by first constructing (rather complex and ‘artificial’) Correct? multi-modal formulas with the required properties and then by showing that multi-modal logic can be reduced to unimodal logic. (For a discussion of this kind of reductions see Chapter ??.)| Now (in Ref_{cor-}

rect?

2005) we know more simple and natural bimodal formulas similar to φ in (a) of Theorem 2.1. Take, for example, the conjunction φ of the following formulas:

�_1(�_1p → p) → �_1p, �_2(�_2p → p) → �_2p, (1) �_1(�_1p → q) ∨ �_1(�_1q → p), �_2(�_2p → q) ∨ �_2(�_2q → p), (2) �_2�_1p ↔ �_1�_2p, �_1�_2p → �_2�_1p. (3)

(1) says that both boxes satisfy the Löb axiom above, (2) ensures that frames for �_1 and �_2 satisfy the connectedness condition

∀x, y, z (xR_iy ∧ xR_iz ∧ y ≠ z → yR_iz ∨ zR_iy),

while (3) says that R_1 and R_2 commute and satisfy the Church–Rosser property, i.e.,

∀x, z ( ∃y (xR_2y ∧ yR_1z) ↔ ∃y (xR_1y ∧ yR_2z) ) , ∀x∀y∀z ( xR_2y ∧ xR_1z → ∃u (yR_1u ∧ zR_2u) ) . Typical frames validating φ are products of finite strict linear orders or infinite reverse well-founded linear orders like ⟨{0, 1, . . . , n}, <⟩ or ⟨ω + 1, >⟩, where

⟨W_1, R_1⟩ × ⟨W_2, R_2⟩ = ⟨W_1 × W_2, R_h, R_v⟩,

(u, v)R_h(u^′, v^′) iff uR_1u^′ and v = v^′,

(u, v)R_v (u^′, v^′) iff vR_2v^′ and u = u^′.

2 See also [16] and [75].

(For more details about product frames and logics see Chapter ??). To show that validity in frames for φ is Π^1-hard, one can reduce the following Σ^1-complete recurrent tiling problem [62] to the satisfiability problem for ML_2-formulas in frames for φ: ‘given a finite set T of tile types (1×1-squares with colours along their edges) and a t_0 ∈ T , can T tile the N×N-grid in such a way that colours on adjacent edges of adjacent tiles match and t_0 appears infinitely often in the first column?’ For details the reader is referred to [49,120].

Of course, the notion of validity in Kripke frames is of a second-order nature. Indeed, we can easily define a translation ·^s of ML_n into monadic second-order logic with n extra binary relations R_1, . . . , R_n by taking inductively

p^s_i = P_i(x)

(φ ∧ ψ)^s = φ^s ∧ ψ^s

(¬φ)^s = ¬φ^s

(�_iφ)^s = ∀y (xR_iy → φ^s[y/x]),

where y is a fresh variable. And then, for every frame F = ⟨W, R_1, . . . , R_n⟩ and every ML_n-formula φ(p_1, . . . , p_k), we have F |= φ iff ∀P_1 . . . ∀P_k∀x φ^s is true in F. This means that for every set Γ ∪ {φ} of ML_n-formulas, Γ |≍ φ iff φ^s is a logical consequence of {γ^s | γ ∈ Γ} in second-order logic.

What is more surprising is that the full monadic second-order theory of a binary predicate can be reduced to propositional modal logic:

Theorem 2.2 (Thomason) There is an effective translation ·^♯ of the language MSO of monadic second-order logic with one extra binary relation into ML_1, and there is an ML_1-formula τ such that, for every set Ξ ∪ {ζ} of MSO-formulas,

ζ is a logical consequence of Ξ iff {τ} ∪ {ξ^♯ | ξ ∈ Ξ} |≍ ζ^♯.

Thus, Thomason’s [145] conclusion was that ML_n or even ML_1 can be regarded as a rather strong fragment of second-order predicate logic and that the modal consequence relation |≍ is as complex as it could be. In particular, there is an ML_1-formula φ such that the set {ψ ∈ ML_1 | φ |≍ ψ} is not definable in number theory of any finite order.

3 Normal modal logics

The analogy with second-order logic discussed above also indicated a way of ‘regaining’ nice properties of first-order logic (compactness, recursive enumerability and Löwenheim–Skolem). Recall (see, e.g., [34]) that following Henkin’s idea of introducing a special universe over which the predicates can be interpreted, one can obtain an essentially first-order semantics—known as general structures—for second-order logic. Actually, this appears to be Thomason’s [141] motivation for introducing general frames (which he called first-order semantics for modal logic).^3 The idea is very simple: to restrict the range of the valuation function V in the definition of Kripke models to some subset of 2^W that is closed under the available operations. This leads us to the following definition.

A general n-frame is a structure of the form

G = ⟨W, R_1, . . . , R_n, P ⟩ ,

where ⟨W, R_1, . . . , R_n⟩ is an ordinary Kripke frame and P is a subset of 2^W containing W and closed under set-theoretic intersection and complementation as well as under the operations

�_iX = {x ∈ W | ∀y (xR_iy → y ∈ X)},

3 In fact, general frames were also introduced in 1951 by Jónsson and Tarski [71] as Stone-like representations of Boolean algebras with operators; see [57] for more references, details and discussion.

for all i = 1, . . . , n. As before, the language ML_n is interpreted in general frames by means of valuations V which associate with every propositional variable p_i a set V(p_i). The only difference is that now V(p_i) must belong to P . The pair M = ⟨G, V⟩ is called then a model based on the general frame G. The remaining semantical notions are defined in precisely the same way as for Kripke models, e.g., Th K, a general frame for a logic, etc.| To simplify notation, we denote general frames of Changed the form F = ⟨ W, R_1, . . . , R_n, 2^W ⟩ by F = ⟨W, R_1, . . . , R_n⟩ (because the theories of these frames are the same).

The first radical difference between Kripke and general frames is that the set of theories of classes of general frames can be characterised syntactically.| Say that a subset L of ML_n is a normal n-modal Ian? logic if it contains the tautologies of classical propositional logic, the formulas

�_i(p → q) → (�_ip → �_iq)

for all i = 1, . . . , n, and is closed under the rules of uniform substitution, modus ponens and necessitation φ/�_iφ. The smallest normal n-modal logic is known to be K_n; it clearly coincides with the theory of the class GFr of all general n-frames.

Now, given a set Γ of ML_n-formulas, denote by K_n ⊕ Γ the minimal normal n-modal logic containing Γ, and by GFr Γ the class of general frames for Γ.

Theorem 3.1 (a) For every class K of general n-frames, Th K is a normal n-modal logic. More precisely,

Th K = K_n ⊕ {φ ∈ ML_n | φ is valid in every general frame from K}.

(b) For every set Γ of ML_n-formulas,

K_n ⊕ Γ = Th GFr Γ.

(Some comments on the proof of this theorem will be given later on in this section; see also Chapters ?? and ??.)| Refs_{cor-}

rect?

From now on, instead of Th K we will write Log K and call it the (normal n-modal) logic characterised (or determined) by K. The set of all normal n-modal logics containing a logic L will be denoted by NExt L. In particular, NExt K_n is the set of all normal n-modal logics. Thus,

NExt K_n = {K_n ⊕ Γ | Γ ⊆ ML_n} = {Log K | K ⊆ GFr }.

Let Kripke_n be the set of all Kripke complete normal n-modal logics, that is

Kripke_n = {Log K | K a class of Kripke n-frames}.

As follows from Theorem 2.1 (a), Kripke_n is a proper subset of NExt K_n. Indeed, take a formula φ such that Log Fr {φ} is not recursively enumerable and consider the normal modal logic K_n ⊕φ. Then

Log Fr {φ} � Log GFr {φ} = K_n ⊕ φ

simply because K_n ⊕ φ is recursively enumerable. On the other hand, Log Fr {φ} and Log GFr {φ} have precisely the same Kripke frames, and so the latter cannot be Kripke complete. The logic K_2 ⊕ (1) ⊕ (2) ⊕ (3) is probably the ‘simplest natural’ Kripke incomplete normal modal logic.

So what is the relation between the classes Kripke_n and NExt K_n? What can be said about the class NExt K_n − Kripke_n?

3.1 Blok’s dichotomy

The first examples of Kripke incomplete logics were discovered by Thomason [141,142] and Fine [42]. In order to understand the phenomenon of Kripke incompleteness more deeply, Fine proposed to investigate how many logics may share the same Kripke frames with a given normal (uni)modal logic L. The cardinality of the set {L^′ ∈ NExt K | Fr L = Fr L^′} was called by Fine the degree of Kripke incompleteness of L. A very interesting complete solution to this problem was found by Blok [9]. The key player in his solution was the concept of splitting originating in lattice theory [106] (for details see Chapter ??).| Ref_{cor-}

rect?

To explain the idea behind Blok’s result informally, let us| observe first that a Kripke complete_{Added!} logic L is always the maximal logic in the set {L^′ | Fr L^′ = Fr L}. Now suppose that L is a Kripke complete logic with the following property: there exists a Kripke frame F such that L is the smallest logic in the class {L^′ ∈ NExt K | F /∈ Fr L^′}. Then the degree of Kripke incompleteness of L is 1. Indeed, assume that L^′ is a normal modal logic with Fr L = Fr L^′. Then F /∈ Fr L^′, and so L ⊆ L^′. To prove L^′ ⊆ L, assume φ /∈ L. As L is Kripke complete, there exists a Kripke frame F^′ ∈ Fr L such that F^′ |̸= φ. And since F^′ ∈ Fr L^′, we then have φ /∈ L^′. Of course, the same argument goes through if instead of just one frame F we take some set of frames.

Thus, we can try to generate modal logics with degree of Kripke incompleteness 1 by taking sets F of frames, proving that the smallest normal logic L_F in the class {L^′ ∈ NExt K | ∃F ∈ F F /∈ Fr L^′} exists and showing its Kripke completeness. Blok’s achievement was that he (a) characterised sets F of frames for which the logics L_F exist, (b) proved that all these L_F are Kripke complete (actually, have the finite model property), and (c) showed that any normal modal logic different from such L_F has degree of Kripke incompleteness 2^{ℵ0} .

We now introduce the notions required to explain Blok’s result in more detail. Given a logic L_0 ∈ NExt K, we say that a (finite rooted) frame F splits NExt L_0 if F is not a frame for the normal modal logic L_1 = ⋂ {L ∈ NExt L_0 | F |̸= L}.

In this case we denote L_1 by L_0/F and call it the splitting of NExt L_0 by F. This notation reflects the fact that L_0/F is the smallest logic in NExt L_0 which does not have F as its frame. If all frames in a set F split NExt L_0, we call ⨁ {L_0/F | F ∈ F}—i.e., the smallest normal modal logic containing ⋃ {L_0/F | F ∈ F}—the union-splitting of NExt L_0 by F and denote it by L_0/F.

Example 3.2 Denote by • the Kripke frame which consists of a single irreflexive point. A frame comprised of a single reflexive point is denoted by ∘.

(a) • splits NExt K and D = K/• (we remind the reader that D = K ⊕ �⊤ is characterised by the class of serial Kripke frames in which every point has a successor). To see this, set

L_1 = ⋂ {L ∈ NExt K | • |̸= L}.

Since, for every L ∈ NExt K, • |̸= L iff �⊤ ∈ L, L_1 is the intersection of all normal modal logics containing �⊤. But D is the smallest such logic and therefore L_1 = D.

(b) ∘ does not split NExt K. To see this recall that K is determined by the class of finite frames F = ⟨W, R⟩ without cycles (i.e., R-paths from a point to itself); see, e.g., Chapter ??. For every such F, we have ∘ |̸= Log {F} because there exists n < ω such that �^n⊥ ∈ Log {F}, but ∘ |̸= �^n⊥. Therefore, ⋂ {L ∈ NExt K | ∘ |̸= L} ⊆ ⋂ {Th F ∈ NExt K | F finite and cycle free } = K

which means that there does not exist a smallest normal modal logic without ∘ among its frames.

(c) No frame with cycles splits NExt K. The argument is similar to that in (b): just use the fact that no �^n⊥ is valid in a frame with cycles.

(d) Every finite cycle-free rooted frame splits NExt K. To prove this, we associate with every finite rooted frame F = ⟨W, R⟩ the formula

δ_F = ⋀ xRy (p_x → �p_y) ∧ ⋀ ¬xRy

(p_x → ¬�p_y) ∧ ⋀ x≠y

(p_x → ¬p_y) ∧ ⋁ x∈W p_x.

Suppose now that F is cycle free, r is a root of F, d(F) is the depth of F (i.e., the length of the longest R-path in F), and �^{≤n}φ = φ ∧ �φ ∧ · · · ∧ �^nφ. It is not hard to see then that a (general) frame G satisfies �^{≤d(F)}δ_F ∧ p_r iff there is a generated subframe H of G which can be p-morphically mapped onto F. It follows that the smallest normal logic without F among its frames exists and can be axiomatised as K/F = K ⊕ �^{≤d(F)}δ_F → ¬p_r. (4)

(e) The inconsistent logic—i.e., ML_1—can be represented as D/∘ = (K/•)/∘ (actually this is a variant of Makinson’s theorem [94]).

(f) Note by the way that if L_0 ∈ NExt K4 then every finite rooted transitive frame F for L_0 splits NExt L_0 and L_0/F = L_0 ⊕ �^{≤1}δ_F → ¬p_r (a (general) transitive frame G satisfies �^{≤1}δ_F ∧ p_r iff there is a generated subframe H of G which can be p-morphically mapped onto F).

Now, returning back to the degree of Kripke incompleteness, we obtain the first part of Blok’s dichotomy:

Theorem 3.3 (Blok) (i) A finite rooted frame F splits NExt K iff it is cycle free. In this case we have K/F = K ⊕ �^{≤n}δ_F → ¬p_r, where n = d(F).

(ii) Every union-splitting of NExt K has the finite model property, and so its degree of Kripke incompleteness is 1.

The proof of (ii) is by a variant of standard filtration (see Chapter ??).| By (e) from the example Ref_{miss-}

ing?

above, the inconsistent logic ML_1 also has degree of Kripke incompleteness 1 (it may be of interest to note that the degree of Kripke incompleteness of ML_2 in NExt K_2 is 2^{ℵ0} ). The second part of Blok’s dichotomy states that all normal modal logics not covered by Theorem 3.3 have degree of Kripke incompleteness 2^{ℵ0} :

Theorem 3.4 (Blok) If a logic L is inconsistent or a union-splitting of NExt K, then L has degree of Kripke incompleteness 1. Otherwise L has degree of Kripke incompleteness 2^{ℵ0} in NExt K.

Before we sketch a proof of this result it is worth spending some time on its interpretation. First, it means that D is the only ‘standard’ normal modal logic with degree of Kripke incompleteness 1. Logics like S5, T, K4, and S4 have degree of incompleteness 2^{ℵ0} . In fact, every consistent normal logic containing K4 or containing D properly as well as every consistent tabular normal modal logic (a logic is tabular if it is determined by a single finite frame; see Section 5), has degree of Kripke incompleteness 2^{ℵ0} . Second, in frame-theoretic terms it means that for every modally definable class F of, say, transitive frames (that is, F = Fr Γ for some set Γ of modal formulas containing �p → �p) there exist uncountably many different L ∈ NExt K such that

F = Fr L.

This applies, for example, to the class of all frames based on equivalence relations, quasi-orders, linear orders, and so on.

Proof Suppose that a consistent L is not a union-splitting and L^′ is the greatest union-splitting contained in L. Since L^′ has the finite model property, there is a finite rooted frame F = ⟨W, R⟩ for L^′ refuting some φ ∈ L and such that every proper generated subframe of F validates L. Clearly, F is not cycle free. Let x_1Rx_2R . . . Rx_nRx_1 be the shortest cycle in F and k = md(φ) + 1. We construct a new frame F^′ by extending the cycle x_1, . . . , x_n, x_1 as shown in Fig. 1 ((a) for n = 1 and (b) for n > 1). More precisely, we add to F copies x^1_i , . . . , x^k_i of x_i for each i ∈ {1, . . . , n}, organise them into the nontransitive cycle shown in Fig. 1 and draw an arrow from x^j_i to y ∈ W − {x_1, . . . , x_n} iff x_iRy. Denote the resulting frame by F^′ = ⟨W^′, R^′⟩ and let x^′ = x^k_n. By the construction, F is a p-morphic

∘ ∘ ∘ ∘ � � · · · � x_1 x^1 x^{k−1}_1 x^k_1 • • • • • • • • •

� � � � · · · · · · · · · · · · � x_1 x_2 x_n x^1 x^1_2 x^1_n x^k_1 x^k_2 x^k_n

(a) (b) Fig. 1.

image of F^′. Therefore, for all models M = ⟨F, V⟩ and M^′ = ⟨F^′, V^′⟩ such that

V^′(p) = V(p) ∪ {x^j_i | x_i ∈ V(p), j < k}

and for every x ∈ W and every subformula ψ of φ, we have (M, x) |= ψ iff (M^′, x) |= ψ. So we can hook some other model on x^′, and points in W will not feel its presence by means of φ’s subformulas. The frame to be hooked on x^′ depends on whether • |= L or ∘ |= L. We consider only the former alternative.

Fix some m > |W^′|. For each I ⊆ ω − {0}, let F_I = ⟨W_I , R_I , P_I ⟩ be the frame whose diagram is shown in Fig. 2 (d_0 sees the root of F^′, all points e_i and e^′_j and is seen from x^′; the subframes in dashed boxes are transitive, e^′_i ∈ W_I iff i ∈ I, and P_I consists of sets of the form X ∪ Y such that X is a finite or cofinite subset of W_I − {b, a_i | i < ω} and Y is either a finite subset of {a_i | i < ω} or is of the form {b} ∪ Y^′, where Y^′ is a cofinite subset of {a_i | i < ω}. It is not hard to see that the

• ∘ · · · • • • • • • • • •

� � � � � �

� · · · · · · � � � � � � ∗x^′

F^′ � � c b a_i a_1 a_0 d_m d_1 d_0 d_{−1} transitive

• • • • • •

· · · · · · ∘� � � � � � � � � � � � � � �

transitive e_0 e_1 e_j

e^′_j

Fig. 2.

points a_i, c, e_i and e^′_i are characterised by the variable free formulas

α_0 = �(δ_m ∧ �(δ_{m−1} ∧ · · · ∧ �δ_0) . . . ) ∧ ¬�^2(δ_m ∧ �(δ_{m−1} ∧ · · · ∧ �δ_0) . . . ), α_{i+1} = �α_i ∧ ¬�^2α_i, γ = �^2α_0 ∧ ¬�α_0, ϵ_0 = �γ, ϵ_{i+1} = �ϵ_i ∧ ¬�^2ϵ_i, ϵ^′_{i+1} = �ϵ_i ∧ ¬�^+ϵ_{i+1},

(in the sense that x |= α_i iff x = a_i, etc.), where

δ_0 = �⊥, δ_1 = �δ_0 ∧ ¬δ_0, δ_2 = �δ_1 ∧ ¬δ_1 ∧ ¬�^+δ_0, δ_{k+1} = �δ_k ∧ ¬δ_k ∧ ¬�^+δ_{k−1} ∧ · · · ∧ ¬�^+δ_0.

Define L_I to be the logic determined by the class of frames for L and F_I , i.e., L_I = L ∩ Log F_I . Since ¬(ϵ^′_i ∧ �^{m+6}¬φ) ∈ L_J − L_I for i ∈ I − J (φ is refuted at the root of F^′), | |{L_I | I ⊆ ω − {0}} | | = 2ℵ0 .

Let us show now that L_I has the same Kripke frames as L. Since L_I ⊆ L, we must prove that every Kripke frame for L_I validates L. Suppose there is a rooted Kripke frame G such that G |= L_I but G |̸= ψ, for some ψ ∈ L. Since ψ is in L, it is valid in all frames for L, in particular, • |= ψ. And since ψ ∉ L_I , ψ is refuted in F_I . Moreover, by the construction of F_I , it is refuted at a point from which the root of F^′ can be reached by a finite number of steps. Therefore, the following formulas are valid in F_I and so belong to L_I and are valid in G:

¬ψ → l⋁ i=0 �^iγ, (5)

¬ψ → l⋀ i=0 �^i ( γ → �(�_0(�_0p → p) → p) ) , (6)

where p does not occur in ψ and l is a sufficiently big number so that any point in F_I is accessible by ≤ l steps from every point in the selected cycle and every point at which ψ may be false, and �_0χ = �(�α_0 → χ). According to (5), G contains a point where γ is true. By the construction of γ, this point has a successor y where, by (6), �_0(�_0p → p) → p is true under any valuation in G and y |= �α_0. Define a valuation U in G by taking U(p) = y↑, where y↑ is the set of all points accessible from y. Then y |= �_0(�_0p → p), from which y |= p and so y ∈ y↑. Now define another valuation U^′ so that U^′(p) = y↑ −{y}. Since y is reflexive, we again have y |= �_0(�_0p → p), whence y |= p, which is a contradiction. �

Blok’s dichotomy can be generalised in various directions. First, it holds for the languages ML_n and the corresponding classes NExt K_n as well; see [92]. And second, it can be extended to completeness with respect to the neighbourhood semantics [29] as well as some other, algebraically motivated, semantics for normal modal logics [92]. On the other hand, the following major problem remains open:

Problem 3.5 Characterise the degree of Kripke incompleteness of ‘transitive’ logics in the classes NExt K4, NExt S4, etc., where Theorem 3.3 does not hold.| Numbering?

One conclusion to be drawn from these results is that Kripke complete logics are rather exceptional, that Kripke completeness of syntactically defined ‘standard’ modal logics is a kind of good luck. Another conclusion is that instead of considering logics in the class Kripke_n it may be worthwhile to move to the larger class NExt K_n. First, as we know from other disciplines, more general settings can be very useful (for example, various problems about natural or rational numbers can only be analysed in the framework of real numbers). The second reason is that NExt K_n is quite natural not only from the syntactical point of view. In fact, as follows from Chapters ?? and ??,| the lattice Refs_{cor-}

rect?

⟨NExt K_n, ⊆⟩ is dually isomorphic to the lattice of varieties (alias equational theories) of Boolean algebras with operators. This means, in particular, that ideas and techniques from universal algebra are more suitable for investigating NExt K_n rather than Kripke_n.

Thus, it makes sense to extend the research programme above to the class of all normal n-modal logics.

Research programme for normal modal logics

Within the framework of normal modal logics, the original research programme can be interpreted as follows. By Thomason’s Theorem 2.1, we know that (i^′) is not realisable. The reformulation of (i^′) for general frames has a trivial solution—just remember that Log GFr {φ} is axiomatised as K_n ⊕ φ. Instead, we suggest the following reformulation a solution to which would clearly show how complex it is to axiomatise logics determined by classes of (general) frames:

(i^{′′}) Characterise those modal formulas φ for which we can effectively recognise whether K ⊕ ψ axiomatises Log GFr {φ}. Characterise those formulas φ for which we can effectively recognise whether K⊕ψ axiomatises Log Fr {φ}. For example, is there an algorithm which decides, given a formula ψ, whether K⊕ψ axiomatises the logic of all transitive frames (i.e., Log Fr {�p → �p}), reflexive frames (i.e., Log Fr {�p → p}), etc.?

The first part of (i^{′′}) can be reformulated as an axiomatisation problem. Given a modal formula φ and a logic L_0 ∈ NExt K, we say that the axiomatisation problem for L_0 ⊕ φ is decidable above L_0 if the set {ψ ∈ ML_1 | L_0 ⊕ ψ = L_0 ⊕ φ} is recursive. Then the first part of (i^{′′}) asks for a characterisation of those modal formulas φ for which the axiomatisation problem for K ⊕ φ is decidable.

Being equipped with the notion of a normal modal logic, we can give a precise interpretation of the syntactically formulated problem (ii) from Section 1:

(ii^{′′}) Given a modal formula φ, characterise the (simplest, smallest, largest, etc.) class of frames with respect to which K ⊕ φ is sound and complete. In particular, is it decidable whether the logic K ⊕ φ is Kripke complete, has the finite model property, is determined by a finite frame? Furthermore, can we effectively recognise, given a modal formula φ, whether K ⊕ φ is decidable, compact, has interpolation, etc.?

3.2 Chagrov’s classification

Rather surprisingly, the partition of NExt K into union-splittings and non-union-splittings not only gives a concise solution to the problem of locating Kripke_n within NExt K_n, but also provides means to attack (i^{′′}). A comprehensive solution was found by A. Chagrov.

To explain the intuition behind Chagrov’s classification result for the axiomatisation problem, consider the logic D = K/• and suppose that we want to decide, for a given formula ψ, whether K/• = K ⊕ ψ or, equivalently, whether

(a) K ⊕ ψ ⊆ K/• and (b) K/• ⊆ K ⊕ ψ.

Now, (a) is equivalent to the problem ‘ψ ∈ K/• ?’ which is decidable because the modal logic D is decidable. And (b) can be checked effectively because, by the definition of splittings, it is equivalent to the problem ‘• |̸= ψ ?’. Thus we have proved the decidability of the axiomatisation problem for D using the fact that D is decidable and is a union-splitting of NExt K. By Theorem 3.3, all unionsplittings have the finite model property and, therefore, are decidable if finitely axiomatisable. So this proof shows the decidability of the axiomatisation problem for every union-splitting K/F, where F is a finite set of finite rooted cycle free frames. Chagrov’s achievement was to show that for no other logic is the axiomatisation problem decidable:

Theorem 3.6 (Chagrov) The axiomatisation problem for a consistent logic K⊕φ ⊋ K is decidable iff K ⊕ φ is a union-splitting.

Hence, the axiomatisation problem is undecidable for such intuitively simple logics as S4 or K4. Again, D is the only ‘standard’ modal logic for which the problem is decidable. Before explaining the proof in some detail, we draw conclusions regarding the second part of (i^{′′}) and formulate and discuss solutions for (ii^{′′}).

Corollary 3.7 If Fr {φ} is nonempty, then the problem ‘K ⊕ ψ = Log Fr {φ}?’ is decidable iff

• Log Fr {φ} is a union-splitting of NExt K or • Log Fr {φ} is not finitely axiomatisable.

Similarly to Blok’s dichotomy, this means, for example, that for any nonempty modally definable class F of transitive frames such that Log F is finitely axiomatisable, no algorithm can recognise whether a given formula axiomatises Log F.

The following result due to Thomason [146] and Chagrov [18,19,22] (for more details see [26] and references therein) gives ‘negative’ solutions to (ii^{′′}):

Theorem 3.8 (Thomason & Chagrov) The following sets are undecidable:

(a) {φ ∈ ML_1 | K ⊕ φ is Kripke complete}, (b) {φ ∈ ML_1 | K ⊕ φ is decidable},

(c) {φ ∈ ML_1 | K ⊕ φ has the fmp}, (d) {φ ∈ ML_1 | K ⊕ φ is tabular}, (e) {φ ∈ ML_1 | K ⊕ φ = L}, where L is an arbitrarily fixed consistent tabular logic.

Proof We begin by showing how to prove Theorem 3.6. The implication (⇐) should be clear from the example D = K/• discussed above.

(⇒) We show that if L = K ⊕ φ ≠ K is a consistent logic that is not a union-splitting then the axiomatisation problem for L is undecidable. The proof is by reduction of the undecidable configuration problem for Minsky (alias register) machines with two tapes (registers).

We remind the reader that a Minsky machine (with two tapes) is a finite set of instructions for transforming triples ⟨s, m, n⟩ of natural numbers, called configurations. The intended meaning of the current configuration ⟨s, m, n⟩ is as follows: s is the number (label) of the current machine state and m, n represent the current state of information. Each instruction has one of the four possible forms:

s → ⟨t, 1, 0⟩ , s → ⟨t, 0, 1⟩ , s → ⟨t, −1, 0⟩ ( ⟨ t^′, 0, 0 ⟩ ), s → ⟨t, 0, −1⟩ ( ⟨ t^′, 0, 0 ⟩ ).

The last of them, for instance, means: transform ⟨s, m, n⟩ into ⟨t, m, n − 1⟩ if n > 0 and into ⟨t^′, m, n⟩ if n = 0. For a Minsky machine P , we write P : ⟨s, m, n⟩ → ⟨t, k, l⟩ if starting with ⟨s, m, n⟩ and applying the instructions in P , in finitely many steps (possibly, in 0 steps) we can reach ⟨t, k, l⟩.

We use the well known fact (see, e.g., [102]) that the following configuration problem is undecidable: given a program P and configurations ⟨s, m, n⟩, ⟨t, k, l⟩, determine whether P : ⟨s, m, n⟩ → ⟨t, k, l⟩.

Now let L = K ⊕ φ. Similarly to the proof of Blok’s Theorem 3.4, we analyse two cases: • |= φ and ∘ |= φ. Here we only show that the axiomatisability problem for L = K ⊕ φ with • |= φ is undecidable and leave the remaining case to the reader.

We will use a modification of the (general) frame F_I constructed in the proof of Blok’s theorem. Let us take another look at this frame. The root of F^′ refutes some formula in L; without loss of generality we may assume that this formula is φ. The part of F_I comprising points a_i, b, c was used to ensure that the logic of F_I is Kripke incomplete, while the points e_0, e_j , e^′_j (j > 0) were used to produce a continuum of frames of the form F_I , i.e., to make sure that Log {F_I } ≠ Log {F_J } whenever I ≠ J. Finally, the points d_k (−1 ≤ k ≤ m) ensured, in particular, that a_i, b, c, e_0, e_j , e^′_j have no impact on F^′ and the other way round.

For our present aims the subframe consisting of points a_i, b, c, e_0, e_j , e^′_j is not required and we can modify it. Namely, we remove from F_I the points e_j , e^′_j (j ≥ 1) and replace them with the frame shown in Fig. 3. More precisely, the frame in Fig. 3 is transitive, e^2_1 is its only reflexive point, all points are accessible from d_0 and ‘see’ e_0; the points of the form s(t, k, l) to not see each other and occur in the frame iff P : ⟨s, m, n⟩ → ⟨t, k, l⟩, where P , ⟨s, m, n⟩ are some fixed Minsky machine and configuration. Denote the resulting frame by F(P , ⟨s, m, n⟩).

Now, starting with the formula ϵ_0 from the proof of Blok’s theorem, we define the following formulas

ϵ^1 = �ϵ_0 ∧ ¬�ϵ_0, ϵ^2_1 = �ϵ_0 ∧ ¬�ϵ^1, ϵ^1_2 = �ϵ^1 ∧ ¬�ϵ^1 ∧ ¬�ϵ^2_1, ϵ^2 = �ϵ^1 ∧ �ϵ^2_1 ∧ ¬�ϵ^1, ϵ^1_3 = �ϵ^1_2 ∧ ¬�ϵ^1_2 ∧ ¬�ϵ^2, ϵ^1_4 = �ϵ^1_3 ∧ ¬�ϵ^1_3 ∧ ¬�ϵ^2, ϵ^2_3 = �ϵ^2 ∧ ¬�ϵ^2 ∧ ¬�ϵ^1_2, ϵ^2_4 = �ϵ^2_3 ∧ ¬�ϵ^2_3 ∧ ¬�ϵ^1_2.

These variable free formulas characterise points e^i_j in F(P , ⟨s, m, n⟩) in the sense that ϵ^i_j is true in

• • • • ∘ • • • • • • • f^0_1 • f^1_1 • f^2_1 • f^0_2 • f^1_2 • f^2_2 . . . . . . • f^0_{t−1} • f^1_{k−1} • f^2_{l−1} • f^0_t • f^1_k • f^2_l . . . . . . • s(t, k, l)

� � � � � � � � � � � � � � � � � � � � � � � � � � � �

� � � �

� � � �

. . . . . .

�

� � � � � � e^2_1

e^2 e^1 e^1_2 e^1_3

e^1_4 e^2_3

e^2_4 f^0_0

f^1_0

f^2_0

� � �

� � � � � � � � �

Fig. 3.

F(P , ⟨s, m, n⟩) only at the point denoted by e^i_j . Further, let

ϕ^0 = �ϵ^1_2 ∧ �ϵ^2 ∧ ¬�ϵ^1_2 ∧ ¬�ϵ^2, ϕ^1_0 = �ϵ^1_3 ∧ �ϵ^2_3 ∧ ¬�ϵ^1_3 ∧ ¬�ϵ^2_3, ϕ^2_0 = �ϵ^1_4 ∧ �ϵ^2_4 ∧ ¬�ϵ^1_4 ∧ ¬�ϵ^2_4,

ϕ^i_{j+1} = �ϕ^i_j ∧ ¬�ϕ^i_j ∧ 2⋀ i≠k=0

¬�ϕ^k_0

for i ∈ {0, 1, 2}, j ≥ 0. The formula ϕ^i_j is true only at f^i_j . The formulas characterising s(t, k, l) are denoted by σ(t, ϕ^1_k, ϕ^2_l ), where

σ(t, ψ, χ) = t⋀ i=0 �ϕ^0_i ∧ ¬�ϕ^0_{t+1} ∧ �ψ ∧ ¬�^2ψ ∧ �χ ∧ ¬�^2χ.

We also require formulas characterising not only fixed but arbitrary configurations:

κ_1 = (�ϕ^1_0 ∨ ϕ^1_0) ∧ ¬�ϕ^0 ∧ ¬�ϕ^2_0 ∧ p_1 ∧ ¬�p_1, κ_2 = �ϕ^1_0 ∧ ¬�ϕ^0 ∧ ¬�ϕ^2_0 ∧ �p_1 ∧ ¬�^2p_1, π_1 = (�ϕ^2_0 ∨ ϕ^2_0) ∧ ¬�ϕ^0 ∧ ¬�ϕ^1_0 ∧ p_2 ∧ ¬�p_2, π_2 = �ϕ^2_0 ∧ ¬�ϕ^0 ∧ ¬�ϕ^1_0 ∧ �p_2 ∧ ¬�^2p_2,

where p_1 and p_2 are fresh variables.

Now we are fully equipped to simulate the behaviour of Minsky machines by means of modal formulas. Let ♦ψ = ψ ∨ �ψ ∨ · · · ∨ �^nψ,

where n is a sufficiently large number such that if xR^∗y in F(P , ⟨s, m, n⟩) then xR^ky for some k ≤ n. (Note that in the proof of Blok’s theorem we took n = m + 6.)

With each instruction I in P we associate a formula AxI by taking:

AxI = ¬φ ∧ ♦σ(t, π_1, κ_1) → ¬φ ∧ ♦σ(t^′, π_2, κ_1)

if I has the form t → ⟨t^′, 1, 0⟩,

AxI = ¬φ ∧ ♦σ(t, π_1, κ_1) → ¬φ ∧ ♦σ(t^′, π_1, κ_2) if I is t → ⟨t^′, 0, 1⟩,

AxI = (¬φ ∧ ♦σ(t, π_2, κ_1) → ¬φ ∧ ♦σ(t^′, π_1, κ_1)) ∧ (¬φ ∧ ♦σ(t, ϕ^1_0, κ_1) → ¬φ ∧ ♦σ(t^{′′}, ϕ^1_0, κ_1))

if I is t → ⟨t^′, −1, 0⟩ (⟨t^{′′}, 0, 0⟩),

AxI = (¬φ ∧ ♦σ(t, π_1, κ_2) → ¬φ ∧ ♦σ(t^′, π_1, κ_1)) ∧ (¬φ ∧ ♦σ(t, π_1, ϕ^2_0) → ¬φ ∧ ♦σ(t^{′′}, π_1, ϕ^2_0))

if I is t → ⟨t^′, 0, −1⟩ (⟨t^{′′}, 0, 0⟩). The formula simulating P as a whole is

AxP = ⋀ I∈P AxI.

Now, by induction on the length of computations one can show that, for every program P and all configurations ⟨s, m, n⟩, ⟨t, k, l⟩, we have the following property (⇓)

P : ⟨s, m, n⟩ → ⟨t, k, l⟩ ⇓ ¬φ ∧ ♦σ(s, ϕ^1_m, ϕ^2_n) → ¬φ ∧ ♦σ(t, ϕ^1_k, ϕ^2_l ) ∈ K ⊕ AxP .

Finally, define a logic L(P , ⟨s, m, n⟩ , ⟨t, k, l⟩) by taking

L(P , ⟨s, m, n⟩ , ⟨t, k, l⟩) = K ⊕ AxP ⊕ (¬φ ∧ ♦σ(s, ϕ^1_m, ϕ^2_n) → ¬φ ∧ ♦σ(t, ϕ^1_k, ϕ^2_l )) → φ.

Clearly, for given P and configurations ⟨s, m, n⟩ and ⟨t, k, l⟩, the logic L(P , ⟨s, m, n⟩, ⟨t, k, l⟩) is constructed effectively. We claim that

P : ⟨s, m, n⟩ → ⟨t, k, l⟩ iff L(P , ⟨s, m, n⟩ , ⟨t, k, l⟩) = K ⊕ φ.

The implication (⇒) is proved using (⇓) above and the obvious L(P , ⟨s, m, n⟩ , ⟨t, k, l⟩) ⊆ K ⊕ φ. To show (⇐), it suffices to observe that if P : ⟨s, m, n⟩ ↛ ⟨t, k, l⟩ then F(P , ⟨s, m, n⟩) validates all the axioms of L(P , ⟨s, m, n⟩ , ⟨t, k, l⟩) and refutes φ.

To prove Theorem 3.8, we modify the definition of the logic L(P , ⟨s, m, n⟩ , ⟨t, k, l⟩) above. First we take a formula φ such that K ⊕ φ is a consistent tabular logic. One can show that every such logic is not a union-splitting.

Now observe that there exist a program P and a configuration ⟨s, m, n⟩ such that no algorithm is capable of deciding, given a configuration ⟨t, k, l⟩, whether P : ⟨s, m, n⟩ → ⟨t, k, l⟩ (for details see [26]). Fix some P and ⟨s, m, n⟩ satisfying this condition, and let

L^′(⟨t, k, l⟩) = K ⊕ AxP ⊕ ( ¬φ ∧ ♦σ(s, ϕ^1_m, ϕ^2_n) → ¬φ ∧ ♦σ(t, ϕ^1_k, ϕ^2_l ) ) → φ ⊕

¬φ → l⋁ i=0 �^iγ ⊕

¬φ → l⋀ i=0 �^i ( γ → �(�_0(�_0p → p) → p) ) , where p is a fresh variable.

If P : ⟨s, m, n⟩ → ⟨t, k, l⟩ then, as in the proof of Theorem 3.6, it is easy to see that we have L^′(⟨t, k, l⟩) = K ⊕ φ. Thus, this logic is tabular (coincides with the chosen tabular logic, to be more precise), and so it is decidable, Kripke complete and has the fmp.

If P : ⟨s, m, n⟩ ↛ ⟨t, k, l⟩ then L^′(⟨t, k, l⟩) ≠ K ⊕ φ, which can be shown with the help of the frame F(P , ⟨s, m, n⟩). Thus, our logic is different from the chosen tabular logic K ⊕ φ. Moreover, using the last two axioms (cf. formulas (5), (6) in the proof of Blok’s theorem) one can show that although φ /∈ L^′(⟨t, k, l⟩), no Kripke frame for L^′(⟨t, k, l⟩) can refute φ. It follows that L^′(⟨t, k, l⟩) is Kripke incomplete and does not have the finite model property. Next we use the properties of P and ⟨s, m, n⟩ to show that

P : ⟨s, m, n⟩ ↛ ⟨ t^′, k^′, l^′ ⟩ iff L^′(⟨t, k, l⟩) ⊢ ¬φ ∧ ♦σ(s, ϕ^1_m, ϕ^2_n) → ¬φ ∧ ♦σ(t^′, ϕ^1_k′ , ϕ^2_l′ ).

The implication (⇒) is proved by induction on the length of computation and (⇐) is shown using the frame F(P , ⟨s, m, n⟩). It follows that L^′(⟨t, k, l⟩) is undecidable. �

In fact, using the technique above one can prove undecidability of many other important properties of modal logics such as first-order definability (i.e., whether Fr {φ} is definable by first-order formulas, for an arbitrarily given φ), canonicity, the interpolation and the disjunction properties, etc.; see [26] and references therein. Actually, we know only two interesting decidable properties of finitely axiomatisable logics in NExt K: consistency and coincidence with K. However, even consistency becomes undecidable in NExt K_2 [146].

Theorems 3.6 and 3.8 give rise to further interesting questions. First, we still do not know a solution to the following open problem:

Problem 3.9 Is the set {φ ∈ ML_1 | K ⊕ φ is a union-splitting} decidable?

Second, some of the undecidable problems formulated above may turn out to be recursively enumerable, so that we can at least effectively enumerate finitely axiomatisable logics with this or that property. For example, it is easy to show recursive enumerability of the set {φ ∈ ML_n | K_n ⊕φ = L}, where L is fixed consistent tabular logic (just use the fact that L is finitely axiomatisable, say, by a formula ψ and enumerate those φ from which ψ is derivable in K_n and vice versa). However, for the majority of important properties of modal logics this problem remains open:

Problem 3.10 Is it possible to effectively enumerate ML_n-formulas φ for which K_n ⊕ φ is decidable (Kripke complete, has the finite model property, interpolation, etc.)?

Finally, one may wonder what happens if we consider the decision problems above for recursively axiomatisable modal logics, i.e., those that are given by programs generating their formulas. In this case we have the following analogue of the Rice theorem from general recursion theory:

Theorem 3.11 (Kuznetsov) No nontrivial property of recursively axiomatisable logics is decidable in any of the classes of logics considered above.

In particular, this result applies even to NExt S5 (where all logics are finitely axiomatisable)— provided that its logics are represented as programs computing their formulas. Of course, we can recognise, say, consistency in NExt S5 if all logics in the class are given by finite sets of axioms. The situation is different in, e.g., NExt S4 where there exist recursively enumerable logics that are not finitely axiomatisable. The proof of this theorem (Kuznetsov left it unpublished) is very simple. In fact, it has nothing to do with modal logics; it is rather about effective computations. The reader can find it in [26].

3.3 Postmortem

So, was the Big Research Programme a failure or a success? Or simply lost illusions?

Dealing with individual systems like K_n, S4 or even PDL, one might think that Modal Logic is ‘harmless,’ that it is a reasonable compromise between expressiveness and effectiveness, especially in various application areas in computer science and artificial intelligence. Looking at modal logics from a more general perspective, we see, however, that the propositional modal language is extremely expressive, even if we have a single box operator. Modal Logic has been praised by ‘users’ for being robustly decidable. The analysis above shows that, when put in a more general setting, Modal Logic is rather robustly undecidable. (However, we can take comfort in the mathematical beauty of the splitting-based dichotomy between Kripke completeness and Kripke incompleteness and its transparent repercussions for modal decision problems.)

The outcomes of the Big Research Programme discussed above appear to be similar to the negative solution to the Classical Decision Problem, das Entscheidungsproblem, of Hilbert; see [11] and references therein. According to [11], ‘the reaction of logicians to the discoveries of Church and Turing was that the classical decision problem was wider than the yes/no version of it . . . The logicians started to think about the classical decision problem as a classification problem. Which fragments are decidable for satisfiability and which are undecidable? Which fragments are decidable for finite satisfiability and which are undecidable? Which fragments have the finite model property and which contain axioms of infinity (that is satisfiable formulae without finite models)?’

Similar questions make sense in Modal Logic as well. The modal decision problems considered above can be transformed into modal classifications problems:

(iii) determine (in some sense) maximal classes of modal logics with the desirable properties.

Of course, particularly interesting are natural classes like

• extensions of certain logics, e.g., K4, S5 × S5, K4_t;

• logics axiomatised by certain ‘normal’ formulas (e.g., reductions of modalities, Sahlqvist or uniform formulas);

• logics whose classes of frames are closed under certain natural operations (e.g., taking subframes).

To understand the landscape of modal logics in this respect, a variety of different methodologies are required. One established path is to look ‘outside’ and, e.g., employ modal logics’ relation to finite variable/guarded fragments of first-order logic (see Chapter ??),| or their relation to languages Ref_{miss-}

ing?

recognised by tree automata (see Chapter ??).| In this chapter we follow the ‘internal’ approach and_{Ref}

missing?

analyse how different ‘modal’ syntactic or semantic restrictions can guarantee this or that desirable property.

4 Syntactical classes of modal logics

To understand a modal logic is, to a large extent, to understand the structure of its frames, in particular, Kripke frames. An obvious way of doing this is to try to characterise frames by means of first-order formulas in some suitable signature. Classical observations going back to Kripke [79] are as follows, where F = ⟨W, R⟩ is treated as a Kripke frame in the left-hand column and as a first-order structure in the right-hand one:

F |= �p → p iff F |= ∀x R(x, x),

F |= �p → �p iff F |= ∀x, y, z ( R(x, y) ∧ R(y, z) → R(x, z) ) , etc.

A nice first-order characterisation not only helps in understanding the structure of frames. First, using the standard translation ·^s of modal formulas into the first-order language from Section 2 (see also Chapters ?? and ??)| and Gödel’s completeness theorem, it is readily seen that if Fr {φ} is definable Refs_{cor-}

rect?

by a first-order formula as above, then Log Fr {φ} is recursively enumerable, while in general, by Theorem 2.1 (a), Log Fr {φ} might be Π^1-hard and even more complex. Second, as was proved by Fine [44] (see also [154,155]), we have the following:

Theorem 4.1 (Fine) If a logic L ∈ NExt K is determined by a first-order definable class of frames then L is D-persistent and, in particular, canonical.| one_{or}

both? 17

This means that to investigate a first-order definable Log Fr {φ}, we can use the well-known methods of canonical models and filtration developed in the 1960–1970s (see, e.g., [26] and references therein). Although the converse of Fine’s theorem does not hold, as has been recently shown in [58], it is nevertheless a kind of empiric rule that logics not determined by first-order definable classes are not canonical, and therefore, the standard way of proving completeness or the finite model property is blocked for them.

By Chagrova’s theorem [28], there is no effective way of deciding, given a formula φ, whether Fr {φ} is first-order definable. However, one can try to find and describe syntactically some classes of formulas φ for which Fr {φ} is first-order definable. In fact, this approach has been the driving force behind much research in Modal Logic since the 1960s (see, e.g., [88]). The (so far) most general syntactically defined class of formulas for which this holds true was discovered by H. Sahlqvist [125].

4.1 Sahlqvist logics

Sahlqvist’s theorem [125] (see also [53])—perhaps the most celebrated general result in Modal Logic— gives a sufficient condition for first-order definability and Kripke completeness of logics in NExt K_n. To formulate it we require the following definitions.

Say that a formula is positive if it is constructed from variables and the constants ⊤, ⊥ using ∧, ∨, �_i and �_i. An arbitrary finite sequence of boxes �_i, i = 1, . . . , n will be denoted by �^∗.

A formula φ ∈ ML_n is called a Sahlqvist formula if it is equivalent in K_n to a formula of the form �^∗(ψ → χ), where χ is positive and ψ is constructed from variables and their negations, ⊥ and ⊤ with the help of ∧, ∨, �_i and �_i in such a way that no subformula of ψ of the form ψ_1 ∨ ψ_2 or �_iψ_1, containing an occurrence of a variable without ¬, is in the scope of some �_j . For example, formulas (2)–(3) from Section 2 are Sahlqvist, while the Löb axiom (1) and the McKinsey axiom

ma = �p → �p (7)

are not.

Theorem 4.2 (Sahlqvist) (a) Given a Sahlqvist formula φ ∈ ML_n, one can effectively construct a first-order formula ϕ(x) in R_1, . . . , R_n and = having x as its only free variable and such that, for every descriptive| or Kripke frame F and every point a in F, Give_{ref-} er- ence?

(F, a) |= φ iff F |= ϕ(x)[a].

(Here (F, a) |= φ means that φ is true at a in F under any valuation.)

(b) If Γ is a set of Sahlqvist ML_n-formulas and L ∈ NExt K_n is a D-persistent logic then the logic L ⊕ Γ (in particular, K_n ⊕ Γ) is D-persistent as well. Moreover, L ⊕ Γ is elementary (in the sense that the class of Kripke frames for it coincides with the class of all models for some set of first-order formulas in R_i and =) whenever L is so.

Various detailed proofs of this result can be found in [126,70,7] (for some generalisations see, e.g., [30,60,72,50]). So, instead of going into technical details, we will concentrate on the meaning of Sahlqvist’s theorem.

First, it gives much more than just first-order definability of Fr {φ}, for a Sahlqvist formula φ, and, therefore, recursive enumerability of Log Fr {φ}. In fact, we also obtain an axiomatisation, namely, that Log Fr {φ} = K ⊕ φ. As we know from Blok’s theorem, this is much stronger than just first-order definability. (For example, there are a lot of formulas φ such that Fr {φ} is the class of transitive frames, but K ⊕ φ ≠ K4.) Thus, Sahlqvist’s theorem has two aspects: the correspondence part (stating first-order definability of Fr {φ}) and the completeness part (stating that Log Fr {φ} = K⊕φ).

However, Sahlqvist axioms do not guarantee good computational properties of modal logics. For example, there are finitely axiomatisable Sahlqvist logics without the finite model property in NExt S4

[25] (see also [65]). There are undecidable finitely axiomatisable Sahlqvist logics in NExt K. Such a logic can easily be constructed if we have more than one box [23]. For instance, consider the undecidable associative calculus T of [148] with the axioms

ac = ca, ad = da, bc = cb, bd = db, edb = be, eca = ae, abac = abacc.

The reader will notice immediately an analogy between these axioms and the axioms of the following modal logic with five necessity operators:

L = K_5 ⊕ �_1�_3p ↔ �_3�_1p ⊕ �_1�_4p ↔ �_4�_1p ⊕ �_2�_3p ↔ �_3�_2p ⊕ �_2�_4p ↔ �_4�_2p ⊕

�_5�_4�_2p ↔ �_2�_5p ⊕ �_5�_3�_1p ↔ �_1�_5p ⊕ �_1�_2�_1�_3p ↔ �_1�_2�_1�_3�_3p.

Moreover, it is not hard to see that words x, y in the alphabet {a, b, c, d, e} are equivalent in T iff f(x)p ↔ f(y)p ∈ K_5, where f is the natural one-to-one correspondence between such words and modalities in language {�_1, . . . , �_5} under which, for instance, f(cadedb) = �_3�_1�_4�_5�_4�_2. It follows immediately that the Sahlqvist 5-modal logic L is undecidable. An even simpler example of an undecidable finitely axiomatisable Sahlqvist logic is the bimodal product K4 × K4; for details see Chapter ??. Now, using the reduction of multi-modal logics to those in NExt K [77] one can construct an undecidable finitely axiomatisable Sahlqvist logic from NExt K.

Problem 4.3 Are finitely axiomatisable Sahlqvist logics in NExt K4 decidable?

It is also worth noting that there is no effective way of recognising whether a given modal formula is (deductively equivalent to) a Sahlqvist formula; in particular, the set

{φ ∈ ML_1 | S4 ⊕ φ is a Sahlqvist logic}

is not recursive [25].

The simplest formula not covered by Sahlqvist’s theorem is the Mckinsey axiom ma (see (7) above). It is neither first-order definable| [56,152]^4 , nor canonical [55]. The problem whether the Recall_{def?} following equality holds

K ⊕ �p → �p = Log Fr {�p → �p}

and whether the logic K ⊕ ma is decidable had resisted all attempts based on the standard methods of canonical models and filtration until Fine [44] introduced a new proof technique based on certain normal forms to be considered in the next section.| New Another logic not covered by Sahlqvist’s theorem is the logic KM^∞ = K ⊕ {ma_k | k ≥ 1} defined in [88], where ma_k = � ⋀ 1≤i≤k

(�p_i → �p_i).

ma_1 is K-equivalent to ma, so KM^∞ ⊇ K ⊕ ma. In fact, KM^∞ is the logic of the class of frames satisfying ∀x∃y ( R(x, y) ∧ ∀z, z^′ (R(y, z) ∧ R(y, z^′) → z = z^′) ) , (8)

so by Theorem 4.1 it is canonical.

In [64], the proof of Sahlqvist’s theorem is extended to KM^∞ and other logics. The method uses ‘quasipositive’ hybrid sentences; see Chapter ??| for full details of hybrid logic. In these formulas, REF?? existential and relativised universal quantifiers over nominals are allowed, negation can only occur in the latter, and there are no free nominals or propositional variables. From any quasipositive sentence φ, an infinite set of modal axioms can be obtained effectively. The modal axioms approximate φ, by

4 This result was first proved by R. Goldblatt in his PhD thesis in 1974.

treating nominals as propositional variables ranging over the partition sets of finite partitions of the worlds of a model. Each partition is defined by the truth values of an arbitrary finite set of modal formulas. Existential and universal quantification are simulated by disjunctions and conjunctions over partition sets. The axioms obtained in this way axiomatise a modal logic L_φ, which is shown to be the logic of the class of frames validating φ: i.e., L_φ = Log Fr {φ}.

For example, let φ = �∃i�i, where i is a nominal. Then φ is valid in precisely the frames satisfying (8). The axioms obtained from φ are equivalent to substitution instances of the ma_k above, and so L_φ = KM^∞. For instance, the axiom obtained by approximating φ with respect to the finite set X = {p_1, . . . , p_k} is � ⋁ Y ⊆X � ( ⋀ p∈Y p ∧ ⋀ p∈X−Y ¬p ) , and this is K-equivalent to ma_k.

The method extends to sets Φ of quasipositive sentences. Every L_Φ is the logic of an elementary class of frames, namely, Fr Φ. [64] shows that the modal logics of elementary classes of frames are precisely those of the form Λ_Φ. The result applies to multi-modal logics and to logics with polyadic modalities.

This result gives an interesting link between modal and hybrid logic. It is analogous to Sahlqvist’s completeness theorem, since Log Fr Φ = L_Φ. An analogue of Sahlqvist’s correspondence theorem would state that Fr L_Φ is first-order definable (by Φ), but this cannot be achieved in general, since in many cases, Fr L_Φ is non-elementary.

4.2 Uniform logics

Fine [44] used a modal analogue of the full disjunctive normal form for constructing finite models and proving the fmp of a family of logics in NExt D (containing, in particular, K ⊕ ma).

Observe first that every modal formula φ(p_1, . . . , p_m) is equivalent in K either to ⊥ or to a disjunction of normal forms (in the variables p_1, . . . , p_m) of degree md(φ) (the modal depth of φ), which are defined inductively in the following way. NF_0, the set of normal forms of degree 0, contains all formulas of the form ¬_1p_1 ∧ · · · ∧ ¬_mp_m, where each ¬_i is either blank or ¬. NF_{n+1}, the set of normal forms of degree n + 1, consists of formulas of the form

θ ∧ ¬_1�θ_1 ∧ · · · ∧ ¬_k�θ_k,

where θ ∈ NF_0 and θ_1, . . . , θ_k are all distinct normal forms in NF_n. Put NF = ⋃ n<ω NF_n. Using the fact that ⋁ {�θ | θ ∈ NF_n} ∈ D, it is not hard to see also that in D every formula φ with md(φ) ≤ n is equivalent either to ⊥ or to a disjunction of normal forms of degree n such that at least one of ¬_1, . . . , ¬_k in the inductive step of the definition above is blank. Such normal forms are called D-suitable. It should be clear that, for any distinct θ^′, θ^{′′} ∈ NF_n, ¬(θ^′ ∧ θ^{′′}) ∈ K. Consequently, for every θ ∈ NF_n and every φ(p_1, . . . , p_m) with md(φ) ≤ n, we have either θ → φ ∈ K or θ → ¬φ ∈ K.

With each D-suitable normal form θ we associate a model M_θ = ⟨F_θ, V_θ⟩ based on F_θ = ⟨W_θ, R_θ⟩ by taking W_θ = {⊤} ∪ {θ^′ ∈ NF | θ^′ <^n θ, for some n ≥ 0},

θ^′ < θ^{′′} iff �θ^′ is a conjunct of θ^{′′},

θ^′R_θθ^{′′} iff either θ^′ > θ^{′′} or md(θ^′) = 0 and θ^{′′} = ⊤,

V_θ(p) = {θ^′ ∈ W_θ | p is a conjunct of θ^′}.

According to the definition, ⊤ is the reflexive end-point in F_θ, and so F_θ is serial. By a straightforward induction on the degree of θ^′ ∈ W_θ one can show that (M_θ, θ^′) |= θ^′. It follows immediately that D has the finite model property (fmp, for short). Indeed, given φ ∉ D, we reduce ¬φ to a disjunction of D-suitable normal forms with at least one disjunct θ, and then (M_θ, θ) |= θ.

It turns out that in the same way we can prove the fmp of all logics in NExt D axiomatisable by uniform formulas which are defined as follows. Every φ without modal operators is a uniform formula of degree 0; and if φ = ψ(♦_1χ_1, . . . , ♦_mχ_m), where ♦_i ∈ {�, �}, md(ψ(p_1, . . . , p_m)) = 0 and χ_1, . . . , χ_m are uniform formulas of degree n, then φ is a uniform formula of degree n + 1. A remarkable property of uniform formulas is the following. Suppose that φ is a uniform formula of degree n and M, N are models based on the same frame F = ⟨W, R⟩ and such that, for some point x, (M, y) |= p iff (N, y) |= p for every y ∈ x↑^n and every variable p in φ, where

X↑ = X↑^1 = {y ∈ W | ∃x ∈ X xRy}, X↑^{n+1} = (X↑^n)↑ .

Then (M, x) |= φ iff (N, x) |= φ.

Given a logic L, we call a normal form θ L-suitable if F_θ |= L.

Theorem 4.4 (Fine) Every logic L ∈ NExtD axiomatisable by uniform formulas has the fmp.

Proof It suffices to prove that each formula φ with md(φ) ≤ n is equivalent in L either to ⊥ or to a disjunction of L-suitable normal forms of degree n. And this fact will be established if we show that every D-suitable normal form θ such that θ → ⊥ ∉ L is L-suitable. Suppose otherwise. Let θ be an L-consistent and D-suitable normal form of the least possible degree under which it is not L-suitable. Then there are a uniform formula ψ ∈ L of some degree m and a model M = ⟨F_θ, V⟩ such that (M, θ) |̸= ψ.

For every variable p in ψ, let Γ_p = {θ^′ ∈ θ↑^m| (M, θ^′) |= p} and let δ_p = ⋁ Γ_p (if Γ_p = ∅ then δ_p = ⊥). Observe that for every θ^′ ∈ θ↑^m we have (M_θ, θ^′) |= δ_p iff θ^′ ∈ Γ_p iff (M, θ^′) |= p. Therefore, the formula ψ^′ that results from ψ by replacing each p with δ_p is false at θ in M_θ. Now, if md(ψ^′) > n then m > n, and so δ_p = ⊥ for every p in ψ, i.e., ψ^′ is variable free. But then ψ^′ is equivalent in D to ⊤ or ⊥, contrary to F_θ |̸= ψ^′ and L being consistent. And if md(ψ^′) ≤ n then either θ → ψ^′ ∈ K, which is impossible, since (M_θ, θ) |̸= θ → ψ^′, or θ → ¬ψ^′ ∈ K, from which ψ^′ → ¬θ ∈ K and so ¬θ ∈ L, contrary to θ being L-consistent. �

It is not hard to extend Fine’s theorem to the multi-modal case, namely, to those logics that contain �_i⊤, for all i = 1, . . . , n, and are axiomatisable by formulas φ in which all maximal sequences of nested modal operators coincide with respect to the distribution of the indices i of �_i and �_i.

As a consequence of Theorem 4.4 we obtain that KM = K ⊕ ma enjoys the fmp and so is decidable. Strange as it may seem, the following problem is still open:| New

Problem 4.5 What is the computational complexity of KM?

4.3 Logics with �-axioms

Another result, connecting the fmp of logics with the distribution of � and � over their axioms, is based on the following observation which can be regarded as the modal analogue of Glivenko’s theorem for intuitionistic logic (see, e.g., [26]): for any φ, ψ ∈ ML_1, we have �φ ↔ �ψ ∈ S5 iff �φ ↔ �ψ ∈ K4. The proof of this observation is almost trivial. Suppose �φ → �ψ /∈ K4. Then there exist a finite model M, based on a transitive frame, and a point x in it such that x |= �φ and x |̸= �ψ. It follows from the former that every final cluster accessible from x, if any, is nondegenerate and contains a point where φ is true. The latter means that x ‘sees’ a final cluster C at all points of which ψ is false. Now, by taking the generated submodel of M based on C, we obtain a model for S5 refuting �φ → �ψ. The rest is obvious, since �p ↔ �p is in S5 and K4 ⊆ S5.

ML_1-formulas in which every occurrence of a variable is in the scope of a modality � will be called �-formulas. The next theorem is due to Rybakov [124].

Theorem 4.6 (Rybakov) If a logic L ∈ NExt K4 is decidable (or has the fmp) and ψ is a �- formula then L ⊕ ψ is also decidable (has the fmp).

Proof Let ψ = ψ^′(�χ_1, . . . , �χ_n), for some formula ψ^′(q_1, . . . , q_n). If φ(p_1, . . . , p_m) ∈ L ⊕ ψ then there exists a derivation of φ in L ⊕ ψ in which substitution instances of ψ contain no variables different from p_1, . . . , p_m. Each of these instances has the form ψ^′(�χ^′_1, . . . , �χ^′_n), where every χ^′_i is some substitution instance of χ_i containing only p_1, . . . , p_m. Now, it is not hard to see that, similarly to classical propositional logic, there are finitely many pairwise nonequivalent formulas in S5 built from p_1, . . . , p_m (for more details see, e.g., [129] or [26]). In view of the observation above, there are finitely many pairwise nonequivalent in K4 substitution instances of �χ_i of that sort (the reader can easily estimate the number of them). So there exist only finitely many pairwise nonequivalent in K4 substitution instances of ψ containing p_1, . . . , p_m, say, ψ_1, . . . , ψ_k, and we can effectively construct them. Then, by the deduction theorem,

φ ∈ L ⊕ ψ iff �^+(ψ_1 ∧ · · · ∧ ψ_k) → φ ∈ L,

where �^+χ = χ ∧ �χ. Thus, L ⊕ ψ is decidable (or has the fmp) whenever L is decidable (has the fmp). �

It should be noted that by adding infinitely many �-formulas to a logic L with the fmp one can construct a Kripke incomplete logic; for a concrete example see [123].

4.4 Logics with noniterative axioms

Lewis [91] considered those logics in NExt K_n that can be axiomatised by ML_n-formulas without nested modal operators. We call such logics noniterative. Examples of noniterative logics are

T = K ⊕ �p → p or K_2 ⊕ �_2p → �_1p.

Theorem 4.7 (Lewis) All noniterative logics in NExt K_n have the fmp.

Proof Suppose that the axioms of L = K_n ⊕ Γ have no nested modal operators and φ ∉ L. Let sub φ be the set of all subformulas of φ. By a φ-description we mean any set of subformulas of φ together with the negations of the remaining formulas in sub φ. For each L-consistent φ-description Θ, take a maximal L-consistent set Δ_Θ containing Θ. Denote by W the (finite) set of the selected Δ_Θ and define F = ⟨W, ⟨R_i | i ∈ I⟩⟩ and M = ⟨F, V⟩ by taking

Δ_ΘR_iΔ_Ψ iff �_i ⋀ Ψ ∈ Δ_Θ

and V(p) = {Δ_Θ ∈ W | p ∈ Δ_Θ}. It is easily proved that (M, Δ_Θ) |= ψ iff ψ ∈ Δ_Θ, for all subformulas ψ of φ and Δ_Θ ∈ W . Hence F |̸= φ. It is also easy to see that for all truth-functional compounds ψ of subformulas in φ, (M, Δ_Θ) |= �_iψ iff �_iψ ∈ Δ_Θ. (9)

Consider now a model M^′ = ⟨F, V^′⟩ and χ ∈ Γ. For each variable p put

ψ_p = ⋁ {⋀ Θ | Δ_Θ ∈ V^′(p) }

and denote by χ^′ the result of substituting ψ_p for p, for each p in χ. Then M^′ |= χ iff M |= χ^′. In view of (9), we have M |= χ^′ because χ^′ has no nested modalities. Thus, F |= χ and so F |= L. �

4.5 Modal reduction principles

Modal reduction principles—that is, formulas of the form Mp → Np, where M and N are strings of �_i and �_j —have always attracted the attention of modal logicians, with the aim being to reduce the number of nested modal operators. (For example, both �p ↔ �p and �p ↔ �p are in S5.) In the context of this chapter, we are interested in completeness and decidability of normal modal logics axiomatised by modal reduction principles.

As we know from Section 4.1, there are undecidable logics in NExt K_2 with finitely many modal reduction principles as their axioms. But it seems that nearly nothing is known about the behaviour of logics with such axioms in NExt K. Perhaps one of the most intriguing open problems in Modal Logic is the following:

Problem 4.8 Do the logics of the form K ⊕ �^np → �^mp have the finite model property?

Note, however, that by Sahlqvist theorem all logics of the form K ⊕ �^np → �^mp are characterised by their Kripke frames that are definable by first-order formulas (which are similar to transitivity: if y is accessible from x in m steps, then y is accessible from x in n steps as well).

Van Benthem [153] showed that modal reduction principles in ML_1 are all first-order definable over transitive frames (this is not the case in general: e.g., the McKinsey axiom �p → �p is not first-order definable over arbitrary frames; see [153] for a complete characterisation).

The following result was proved in [175] using the method of canonical formulas to be discussed in Section 6:

Theorem 4.9 All logics in NExt K4 axiomatisable by modal reduction principles have the fmp and are decidable.

Problem 4.10 Are extensions of K_n with modal reduction principles Kripke complete?

Problem 4.11 Are extensions of K with modal reduction principles decidable?

4.6 Logics with n-variable axioms

A very natural syntactical parameter of a modal logic L ⊕ Γ is the number of variables in its extra axioms Γ over L. For example, D = K ⊕ �⊤ is axiomatised by a variable-free formula over K and almost all standard modal logics—e.g., K4, S4, S5, Grz, GL—can be axiomatised by adding axioms with only one variable to K. (A notable exception is K4.3 whose axiomatisation requires two variables; see [119]).

We start our discussion of variable-free axioms with a simple observation that the truth of a variable-free formula φ does not depend on the valuation, i.e., for every model M based on a frame F, we have M |= φ iff F |= φ. Therefore, we can reduce deduction in L ⊕ φ to ‘global’ deduction in L. More precisely, we say that a formula ψ follows globally from a set of formulas Γ in a logic L if M |= Γ implies M |= ψ for every model M based on a frame for L. Now, if global deduction is decidable for L, then L ⊕ φ is decidable: indeed, ψ ∈ L ⊕ φ iff ψ follows globally from φ in L.

To make use of this observation we need to know how to prove decidability of ‘global deducibility’ for modal logics L. For L ∈ NExt K4 this is simple because ψ follows globally from φ in L iff φ ∧ �φ → ψ ∈ L.

Theorem 4.12 If φ is variable-free and L ∈ NExt K4 is decidable, then L ⊕ φ is decidable.

Note that there are extensions of K4 with infinitely many variable free formulas which are undecidable and do not have the fmp; for a concrete example and further details see [26]. This cannot happen in NExt GL, however, since each variable-free formula is deductively equivalent in GL to one of the formulas ⊤, �^n⊥, for n < ω. As �^i⊥ → �^j⊥ ∈ K4 ⊆ GL, for i ≤ j, all extensions of GL with variable-free formulas are finitely axiomatisable and decidable.

The simple reduction of global deducibility above does not apparently work for ‘non-transitive’ logics in NExt K. In fact, there are decidable normal modal logics L such that global deducibility is undecidable for L. (The first example of such a logic was constructed by Spaan [139]. Another natural example is K × K; for details see Chapter ??| or [48].) It should be clear that global deducibility in a Ref? finitely axiomatisable modal logic L is decidable if L enjoys the so-called global finite model property (global fmp, for short): for every finite set Γ ∪ {ψ} of formulas, ψ does not follow globally from Γ iff there exists a finite model M based on a frame for L such that M |= Γ and M |̸= φ. The global fmp of many standard modal logics like K_n, K4_n, S5_n can be proved by filtration: just start with a possibly infinite model M such that M |= Γ and M |̸= ψ, and then filtrate it through the subformulas of Γ ∪ {ψ}; see [59] for details. For example, we have the following:

Theorem 4.13 If φ is variable-free, then K_n ⊕ φ is decidable.

The undecidable Sahlqvist logic on page 19 shows that this result does not hold for axioms with one variable. Chagrov [21] constructed a one-variable formula φ such that GL ⊕ φ is undecidable. It turns out, however, that we have the following theorem which was proved in [175] using the method of canonical formulas (to be discussed in Section 6):

Theorem 4.14 For every one-variable formula φ, S4 ⊕ φ has the fmp and is decidable.

On the other hand, an infinite number of one-variable axioms can yield an extension of S4 without the fmp [133]. A Kripke incomplete extension of S4 with a two-variable axiom was constructed by Shehtman [132] and an undecidable logic above S4 with a three-variable axiom by Chagrov [21].

Problem 4.15 Are extensions of S4 with a two-variable axiom decidable?

5 Semantically constrained classes of modal logics

In the previous section we considered ‘nice’ classes of modal logics defined in terms of the form of the logics’ axioms. Here we give a brief overview of well-behaved classes of modal logics determined by imposing some natural constraints on the form of their frames.

Tabular logics

A normal modal logic L is said to be tabular if it is determined by a finite set of finite frames. Since the class of frames for a normal modal logic is closed under disjoint unions, L is tabular iff there exists a single finite frame that determines L. In many respects tabular logics are easy to deal with. For instance, the problem of deciding whether a formula φ belongs to a tabular logic is trivially decided in NP by considering all possible valuations in the finite frame characterising L. Moreover, it is not difficult to provide a finite axiomatisation for a tabular logic; for details see, e.g., [177]. Thus, we arrive at the following:

Theorem 5.1 Every tabular normal modal logic is NP-complete and finitely axiomatisable.

What is the position of tabular logics within the lattices NExt K_n? First, it is easy to see that every normal modal logic containing a tabular modal logic L is tabular as well and is determined by frames that are p-morphic images of generated subframes of any frame which determines L. Therefore, we have:

Theorem 5.2 If L is tabular then NExt L is finite and contains only tabular logics. NExt L can be effectively computed.

On the other hand, according to Theorem 3.8, the axiomatisation problem for tabular modal logics is always undecidable in NExt K_n. The situation is not so hopeless if we consider the following relativised version of the axiomatisation problem for tabular logics above some sufficiently ‘strong’ logic L_0 ⊃ K_n: given a tabular logic L ⊃ L_0 and an arbitrary formula φ, decide whether L_0 ⊕ φ = L. For example, one can easily show (see, e.g., [26,177] and references therein) that every tabular logic containing K4 is a union-splitting of K4 and that a logic is tabular in NExt K4 iff it has finitely many normal extensions. Moreover, the following holds:

Theorem 5.3 If L ∈ NExt K4 is tabular then {φ | K4 ⊕ φ = L} is decidable.

How to determine whether a given logic is tabular? The key idea suggested by Kuznetsov [82] is to consider the so-called pretabular logics.

A logic L ∈ NExt L_0 is said to be pretabular if L is not tabular but every proper extension of L in NExt L_0 is tabular. In other words, a pretabular logic is a maximal nontabular logic in NExt L_0. Using Zorn’s lemma it is easily seen that, in NExt K_n, every non-tabular logic is contained in a pretabular one. It is also known that every pretabular logic in NExt K4 has the fmp (for proofs and references consult [26]). Moreover, Maksimova [96] and Esakia and Meskhi [38] showed that there are only five (pretty simple) pretabular logics in NExt S4. Using this result one can show the following:

Theorem 5.4 The set {φ | S4 ⊕ φ is tabular} is decidable.

Note that there are a continuum of pretabular logics in NExt K4, while NExt GL contains countably many of them [10,17], and the set {φ | GL ⊕ φ is tabular} is decidable.

Transitive logics of finite depth and width

A very natural semantical constraint on logics from NExt K4 is the length of maximal chains and antichains in their rooted frames. Say that a logic L ∈ NExt K4 is of depth n < ω if L has a frame ⟨W, R⟩ with a chain x_1Rx_2R . . . Rx_n of points from distinct clusters, but no frame with such chains of greater length validates L. Syntactically, logics of depth n can be defined as those extensions of K4 that contain the formula bd_n but not bd_{n+1}, where

bd_1 = �p_1 → p_1, bd_{n+1} = �(�p_{n+1} ∧ ¬bd_n) → p_{n+1}.

The following theorem was proved in [129]:

Theorem 5.5 (Segerberg) Every logic of finite depth has the finite model property (in fact, is locally tabular in the sense that it has only finitely many nonequivalent formulas with variables p_1, . . . , p_n), and so is decidable if finitely axiomatisable.

It is to be noted that there are a continuum of logics of depth 3 [84].

Say that a logic L ∈ NExt K4 is of width n < ω if it has a rooted frame ⟨W, R⟩ with an antichain x_1, . . . , x_n (i.e., x_iRx_j does not hold for any distinct i, j ≤ n) but no rooted frame with an n + 1-point antichain validates L. Syntactically, logics of width n can be described as those extensions of K4 that contain the formula bw_n but not bw_{n+1}, where

bw_n = n⋀ i=0 �p_i → ⋁ 0≤i≠j≤n � ( p_i ∧ (p_j ∨ �p_j) ) . The logics of width 1 are precisely the extensions of NExt K4.3.

The following theorem was proved in [43]:

Theorem 5.6 (Fine) All logics of finite width are Kripke complete.

There are a continuum of logics of width 1. However, those of them that are finitely axiomatisable behave quite nicely as was shown in [176,93]:

Theorem 5.7 All finitely axiomatisable logics in NExt K4.3 are decidable (in fact coNP-complete), though not necessarily have the finite model property.

Nothing is known about decidability of finitely axiomatisable logics of width n > 1 (our conjecture is that all of them are decidable):

Problem 5.8 Are finitely axiomatisable logics of width n > 1 decidable? What is their computational complexity?

For logics above S4.3 we have the following classical result of [14,40,139]:

Theorem 5.9 (Bull, Fine, Spaan) All logics in NExt S4.3 are finitely axiomatisable, have the finite model property and are coNP-complete.

Problem 5.10 Does there exist an algorithm that decides, given a formula φ, whether the logic K4 ⊕ φ is of finite width/depth?

Logics containing K5

Recall that K5 = K ⊕ �p� → �p is the logic determined by all Euclidean frames ⟨W, R⟩, where Euclidean means that ∀x∀y∀z(xRz ∧ xRy → yRz).

The papers [113,114] investigate the (possibly non-normal) extensions of K5. The following theorem summarises the results for logics in NExt K5:

Theorem 5.11 (Nagle, Thomason) All logics in NExt K5 have the finite model property, are finite axiomatisable, and so decidable. The lattice NExt K5 can be computed effectively.

It is not difficult to see that actually all logics in NExt K5 have the polynomial finite model property and are coNP-complete.

Logics containing S5 × S5

S5 × S5 is the bimodal logic determined by product frames of the form ⟨W × W, R_1, R_2⟩, where (w_1, w_2)R_1(w^′_1, w^′_2) iff w_2 = w^′_2, and (w_1, w_2)R_2(w^′_1, w^′_2) iff w_1 = w^′_1. It was introduced and investigated because of its close relation to the two-variable fragment of first-order logic [130,48]; see also Chapter ??. S5 × S5 can be axiomatised by adding to the fusion| of S5 with S5 the modal axiom Reference_{or}

def?

�_1�_2p ↔ �_2�_1p saying that R_1 and R_2 commute. Logics containing S5 × S5 are surprisingly wellbehaved. Indeed, while S5 × S5 itself is NEXPTIME-complete [103], it was proved in [6,5] that we have the following:

Theorem 5.12 Every normal bimodal logic properly containing S5 × S5 has the poly-size model property (i.e., every refutable formula φ is refutable in a model of size polynomial in φ), it is finitely axiomatisable, and coNP-complete.

The axiomatisation result is based on a variant of Kruskal’s tree theorem. The picture is different if a constant for the diagonal {(w, w) | w ∈ W } (motivated by its interpretation as ‘equality’ in first-order logic) is added to the bimodal language. In this case there exist uncountably many normal modal logics extending S5 × S5 with the diagonal, and it is open whether all of them have the finite model property [3,4].

Logics containing K ⊕ alt_n

A frame F = ⟨W, R⟩ validates the formula

alt_n = �p_1 ∨ �(p_1 → p_2) ∨ · · · ∨ �(p_1 ∧ · · · ∧ p_n → p_{n+1}),

where n ≥ 0, iff each point in F has at most n distinct R-successors. Segerberg [131] proved the following:

Theorem 5.13 All logics in NExt (K ⊕ alt_1) have the finite model property, are finitely axiomatisable, and so decidable. The lattice NExt (K ⊕ alt_1) can be computed effectively.

It is not difficult to see that actually all extensions of K ⊕ alt_1 have the polynomial finite model property and are coNP-complete. Extensions of K ⊕ alt_n for n > 1 are investigated in [1]:

Theorem 5.14 All logics in NExt (K ⊕ alt_n) are Kripke complete and their frames are first-order definable.

An analysis of extensions of fusions of NExt (K ⊕ alt_n) is given in [76,61].

6 Frame-theoretic characterisation

Finding characterisations of those classes of structures that can be defined by (sets of) formulas of a given language L is one of the central research problems in the development of a model theory for the language. This is often achieved by introducing certain truth-preserving operators on classes of structures (e.g., the formation of p-morphic images, generated subframes, disjoint unions, ultraproducts, etc.) and then proving that the L-definable classes are precisely those that are closed under these operators—a kind of Birkhoff-type theorem for varieties of abstract algebras. Such characterisations for modal logics are discussed in Chapters ?? and ??| on modal model theory. Unfortunately, abstract Refs_{cor-}

rect?

characterisations of this sort are of limited use when we deal with modal decision problems. In this context, what we need is not characterisations that are ‘as abstract as possible,’ but rather explicit finitely presentable ones.

Of course, modal formulas themselves can be regarded as a ‘finitely presented characterisation’ of modally definable classes of frames. However, in general, the information contained in formulas is rather implicit and non-structural (or ‘non-geometric’)—one has to work hard to learn how to decipher their meaning.

As a first step towards more informative finite presentations of modally definable classes of general frames, let us find out which of these classes F cannot be decomposed in the sense that whenever F = GFr Γ, for some set Γ of modal formulas, then there is a ψ ∈ Γ such that F = GFr {ψ}. In other words, this means that we cannot make the information provided by such a formula ψ ‘more explicit’ by replacing it with two (or more) formulas ψ_1 and ψ_2 such that GFr {ψ} = GFr {ψ_1, ψ_2}, but GFr {ψ} � GFr {ψ_i} for i = 1, 2.

Again, as in Blok’s dichotomy and Chagrov’s classification, it is the notion of splittings that provides a proper framework for investigating indecomposability. In fact, one can show that, for every normal modal logic L, the class GFr L is indecomposable iff there exists a finite rooted (cycle free) frame F such that L = K/F. Indeed, suppose that L = K/F = K ⊕ Γ for some set of formulas Γ. Then there is a ψ ∈ Γ such that F |̸= ψ (for otherwise F |= Γ and therefore F ∈ GFr L). But then L ⊆ K ⊕ ψ, from which (since ψ ∈ Γ) L = K ⊕ ψ. (For the other direction and further details see Chapter ??.|) Thus, we can say that the formula ψ describes F. Moreover, in view of (4), ψ is Ref_{cortrect?} deductively equivalent to the formula �^{≤n}δ_F → ¬p_r, where n = d(F), which explicitly says: ‘G ∈ F iff there does not exist a generated subframe of G having F as its p-morphic image.’ The formula �^{≤n}δ_F → ¬p_r can be regarded as a modal diagram of F.

It follows from these considerations that we would have a kind of optimal explicit and finite presentation of modally definable classes if we could prove that for every formula φ there exists a set F of finite rooted frames such that

GFr φ = GFr (K/F).

Then every modally definable class could be presented by means of a set of indecomposable geometrically explicit formulas as above.

Now, the bad news is that we know from the proof of Blok’s dichotomy that this is far from being the case: D is the only standard modal system that can be represented in this way.

But the good news is that this situation changes drastically as soon as we confine ourselves to ‘transitive’ modal logics, in particular, unimodal normal extensions of K4, linear tense logics, or bimodal provability logics. Although, as we shall see below, it is impossible to represent all normal modal logics extending, say, K4 in the form L = K4/F, for some set F of finite rooted frames, we can still introduce appropriate modifications and extensions of the notion of splitting which allow geometric finite representations of every normal extension of K4. In this chapter we will show such representations first for normal extensions of K4 and then for extensions of linear tense logics. The case of bimodal provability logics is considered in [167].

6.1 Canonical formulas for K4

This frame-theoretic or ‘geometric’ approach to investigating modal logics in NExt K4 and similar classes was launched by Jankov [66,69] (in the framework of extensions of intuitionistic logic^5 ), Blok [8], Fine [45] and Zakharyaschev [172,174,175]. Let us observe first that a number of standard logics in NExt K4 are indeed union-splittings, and so their frames can be elegantly characterised in frame-theoretic terms. For example,

S4 = K4 ⊕ �p → p = K4/{•, • ∘ �}, S4.1 = S4 ⊕ �p → �p = S4/◯2 ,

S4.2 = S4 ⊕ �p → �p = S4/ ∘ ∘ ∘ � � ,

where ◯2 is a two-point cluster. As we saw above, this means that, e.g., for every (general) frame F for S4, F |̸= �p → �p iff there is a generated subframe of F which can be p-morphically mapped onto ◯2 . To appreciate the elegance of this frame-theoretic language, compare the purely geometric characterisation above with the standard first-order description of the Kripke frames for S4.1:

⟨W, R⟩ |= �p → �p iff ∀x∃y ( xRy ∧ ∀z (yRz → y = z) ) . This observation leads to the following natural questions:

(A) Is it possible to characterise transitive frames for arbitrary formulas in a similar way? (B) If this is indeed the case, then perhaps the decision problem (as well as many other problems) could be reduced to ‘comparing’ some finite frames? (E.g., K4/F ⊆ K4/G iff G is a p-morphic image of some generated subframe of F.)

We analyse these questions using a number of simple examples. Consider first the Gödel–Löb provability logic GL = K4 ⊕ la, where

la = �(�p → p) → �p.

It is well-known that a Kripke frame F validates la iff F is transitive, irreflexive (i.e., a strict partial order) and Noetherian in the sense that it contains no infinite ascending chain. It is also well-known that the condition of Noetherianness is not a first-order one. But what is more important in the present context, the frame

∘ • • • � � � · · ·

refutes la and yet contains no generated subframe that can be p-morphically mapped onto a finite frame refuting la. This means that GL is not a union-splitting of NExt K4 by means of finite frames. To find an explicit finitely presentable geometric characterisation of frames for GL some other frametheoretic constructions are needed. Let us have another look at the structure of countermodels for la. 5 Jankov [69] described all ‘conjunctively indecomposable’ intuitionistic formulas—i.e., splittings of the extensions of intuitionistic logic—and promised to investigate ‘decomposable formulas’ in his next paper which has never appeared. At the beginning of the 1980s he was arrested by the KGB for his support of the Solidarity movement in Poland.

Suppose that a general frame F = ⟨W, R, P ⟩ refutes la under some valuation. Then the set V = {x ∈ W | x |̸= la} is in P and V ⊆ V ↓ = {w ∈ W | ∃v ∈ V wRv}. It follows from the former that G = ⟨V, R ↾V, {X ∩ V | X ∈ P }⟩ is a frame—we call it the subframe of F induced by V . And the latter condition means that there is a p-morphism from G onto a single reflexive point ∘, which is the simplest refutation frame for la. Moreover, one can readily check that the converse also holds: if there is a subframe G of F which can be p-morphcally mapped onto ∘ then F |̸= la.

This example motivates the following definitions. Given frames F = ⟨W, R, P ⟩ and G = ⟨V, S, Q⟩, a partial (i.e., not totally defined, in general) map f from W onto V is called a subreduction of F to G if it satisfies the following conditions, for all x, y ∈ dom f = f^{−1}(V ) and all X ∈ Q,

• xRy implies f(x)Sf(y); • f(x)Sf(y) implies ∃z ∈ W ( xRz ∧ f(z) = f(y) ) ; • f^{−1}(X) ∈ P .

In other words, an f-subreduct of F is a p-morphic image—or a reduct—of the subframe of F induced by dom f. A frame G = ⟨V, S, Q⟩ is a subframe of F = ⟨W, R, P ⟩ if V ⊆ W and the identity map on V is a subreduction of F to G, i.e., if S = R ↾ V and Q ⊆ P . Note that a generated subframe G of F is not in general a subframe of F, since V may be not in P .

Thus, the characterisation of frames for GL can be reformulated like this: F |̸= la iff F is subreducible to ∘. Here are two more examples:

• A frame F refutes the Grzegorczyk axiom �(�(p → �p) → p) → p iff is subreducible to • or to ◯2 .

• A quasi-order F refutes the Dummett axiom �(�p → q) ∨ �(�q → p) iff F is subreducible to ∘ ∘ ∘ � � .

Now let us consider the logic GL.2 = GL ⊕ ga, where ga is the Geach axiom �p → �p. It

is easy to see that every Kripke frame refuting ga must contain the fork • • • � � as a subframe, and in

general, if F |̸= ga then F is subreducible to this fork. However, the converse does not hold—just add a point • above the spikes of the fork to obtain a counterexample. What we actually need is a fork-like subframe with its spikes having no common successor. A good mathematical notion that is capable of describing this and other similar cases is the notion of cofinality.

A subreduction f of F to G is called cofinal if

domf ↑ ⊆ dom f ∪ dom f ↓

or in English: if a point x is accessible from the domain of f then either x belongs to the domain of f itself or ‘sees’ a point in dom f. For example, if we add to the fork a top point as above, then the resulting frame is subreducible to the original fork, but not cofinally because the top point cannot belong to the domain of the subreduction.

Returning back to the Geach axiom ga, it is an easy exercise to show that a frame F for GL

refutes ga iff F is cofinally subreducible to • • • � � . Another example: a transitive F refutes �⊤ iff F is

cofinally subreducible to •.

For the majority of standard modal axioms these two notions—plain and cofinal subreductions— are enough. But not for all. The simplest counterexample is the density axiom den = �p → �p. It is refuted by the chain H of two irreflexive points but becomes valid if we insert between them a reflexive one. In fact, F |̸= den iff there is a subreduction f of F to H such that f(x↑) = {a} for no point x in dom f↑− dom f, where a is the final point in H.

Intuitively, every refutation frame for formulas like la can be constructed by adding new points to a frame G that is reducible to some finite refutation frame of fixed size. For formulas like ga we have to take into account the cofinality condition and do not place new points ‘above’ G. And formulas like den impose another restriction: some places inside G may be ‘closed’ for inserting new points. These ‘closed domains’ can be singled out in the following way.

Suppose N = ⟨H, U⟩ is a model and a an antichain in H—i.e., the points in a do not see each other. Say that a is an open domain in N relative to a formula φ if there is a pair t_a = (Γ_a, Δ_a) such that Γ_a ∪ Δ_a = sub φ, ⋀ Γ_a → ⋁ Δ_a ∉ K4 and

• �ψ ∈ Γ_a implies ψ ∈ Γ_a, • �ψ ∈ Γ_a iff a |= �^+ψ for all a ∈ a.

Otherwise a is called a closed domain in N relative to φ. A reflexive singleton a = {a} is always open: just take t_a = ({ψ ∈ sub φ | a |= ψ}, {ψ ∈ sub φ | a |̸= ψ}). It is easy to see also that antichains consisting of points from the same clusters are open or closed simultaneously; we will not distinguish between such antichains.

Given a frame H and a (possibly empty) set D of antichains in H, we say that a subreduction f of F to H satisfies the closed domain condition for D if

(CDC) ¬∃x ∈ dom f↑− dom f ∃ d ∈ D f(x↑) = d ∪ d↑.

In terms of (CDC) refutation frames for the density axiom den can be characterised as follows:

F |̸= den iff there is a subreduction of F to • • � a satisfying (CDC) for {{a}}.

Suppose now that N = ⟨H, U⟩ is a finite countermodel for φ and D is the set of all closed domains in N relative to φ. We claim that in this case F |̸= φ whenever there is a cofinal subreduction f of F to H satisfying (CDC) for D. Moreover, if φ is negation free (i.e., contains no ⊥, ¬, �) then a plain subreduction satisfying (CDC) for D is enough. Indeed, if f is cofinal and F = ⟨W, R, P ⟩ then we can assume that dom f ∪ dom ↑= W . Define a valuation V in F as follows. If x ∈ dom f then we take x |= p iff f(x) |= p, for every variable p in φ. If x /∈ dom f then f(x↑) ≠ ∅, since f is cofinal. Let a be an antichain in H such that a ∪ a↑= f(x↑). By (CDC), a is an open domain in N, and we put y |= p iff p ∈ Γ_a, for every y /∈ dom f such that f(y↑) = f(x↑). It is easy to check that under this valuation x |= ψ iff f(x) |= ψ in the case x ∈ dom f, and x |= ψ iff ψ ∈ Γ_a, where a is the open domain in N associated with x, in the case x /∈ dom f, for every ψ ∈ sub φ. If φ is negation free and f is a plain subreduction then f(x↑) may be empty. In such a case we just put x |= p, for all variables p.

Moreover, given an arbitrary formula φ, one can effectively construct a finite collection of finite rooted frames F_1, . . . , F_n (of some fixed size that depends on the size of φ) and select in them sets D_1, . . . , D_n of antichains such that, for any frame F, F |̸= φ iff there is a cofinal subreduction of F to F_i, for some i, satisfying (CDC) for D_i. If φ is negation free then a plain subreduction satisfying (CDC) is enough. Details can be found in [172,26].

This ‘explicit finitely presentable’ characterisation of the constitution of refutation transitive frames can be expressed in the language of modal formulas similarly to the equation

K/F = K ⊕ �^{≤n}δ_F → ¬p_r.

Indeed, with every finite frame F = ⟨W, R⟩ with root r and every (possibly empty) set D of antichains in F we can associate formulas α(F, D, ⊥) and α(F, D) such that G |̸= α(F, D, ⊥) (G |̸= α(F, D)) iff there is a cofinal (respectively, plain) subreduction of G to F satisfying (CDC) for D. Consider, for example, the following formulas

α(F, D, ⊥) = �^+δ(F, D) → ¬p_r,

where

D4 = K4 ⊕ α(•, ⊥)

S4 = K4 ⊕ α(•)

GL = K4 ⊕ α(∘)

Grz = K4 ⊕ α(•) ⊕ α(◯2 )

K4.1 = K4 ⊕ α(•, ⊥) ⊕ α(◯2 , ⊥)

Triv = K4 ⊕ α(•) ⊕ α(◯2 ) ⊕ α( ∘ ∘ �) Verum = K4 ⊕ α(∘) ⊕ α( • • �) S5 = S4 ⊕ α( ∘ ∘ �) K4B = K4 ⊕ α( ∗ ∗ �) (4 axioms)

K4.2 = K4 ⊕ α( • • • � � , ⊥) ⊕ α( ∘ • �, ⊥) ⊕ α( ∗ ∗ ∗ � � , ⊥) (8 axioms)

K4.3 = K4 ⊕ α( ∗ ∗ ∗ � � ) (6 axioms)

Dum = S4 ⊕ α( ∘

◯2 ∘

� � ) ⊕ α(◯_2 ∘ � ) Table 1 Canonical axioms of standard modal logics

δ(F, D) = ⋀ xRy (p_x → �p_y) ∧ ⋀ ¬xRy

(p_x → ¬�p_y) ∧ ⋀ x≠y

(p_x → ¬p_y) ∧ ⋀ d∈D ( ⋀ x∈d∪d↑ y /∈d∪d↑

(�p_x ∧ ¬�p_y) → ⋁ z∈W p_z ) ∧ ⋀ x∈W (p_x → � ⋁ y∈W p_y)

and α(F, D) is obtained by omitting the last conjunct from δ(F, D). The formulas α(F, D, ⊥) and α(F, D) (or any other deductively equivalent formulas) are called the canonical and negation free canonical formulas for F and D, respectively (it is not hard to get rid of ¬ and � in the latter formula; see, e.g., [26]). The semantical meaning of these formulas should be clear: α(F, D, ⊥) is refuted in a frame G iff there is a cofinal subreduction of G to F satisfying (CDC) for D.

Theorem 6.1 There is an algorithm which, given an ML_1-formula φ, returns canonical formulas α(F_1, D_1, ⊥), . . . , α(F_n, D_n, ⊥) such that

K4 ⊕ φ = K4 ⊕ α(F_1, D_1, ⊥) ⊕ · · · ⊕ α(F_n, D_n, ⊥).

If φ is negation free then one can use negation free canonical formulas.

Table 1 shows canonical axiomatisations of some standard modal logics in the field of K4. For brevity we write α(F, ⊥) instead of α(F, ∅, ⊥) and α(F) instead of α(F, ∅). Each ∗ in the table is to be replaced by both ∘ and •.

Theorem 6.1 provides a solution to problem (A) formulated at the beginning of this section. It shows that as far as such properties of modal logics (from NExt K4) as decidability, completeness, the fmp, etc. are concerned, we can always deal with canonical formulas—which explicitly describe their frames. And the following observation gives a partial solution to problem (B).

Theorem 6.2 (1) For every logic L = K4⊕{α(F_i, ∅) | i ∈ I} and every canonical formula α(F, D, ⊥), we have α(F, D, ⊥) ∈ L iff F is subreducible to F_i for some i ∈ I.

(2) For every logic L = K4 ⊕ {α(F_i, ∅, ⊥) | i ∈ I} and every canonical formula α(F, D, ⊥), we have α(F, D, ⊥) ∈ L iff F is cofinally subreducible to F_i for some i ∈ I.

(3) For every logic L = K4 ⊕ {α(F_i, D_i, ⊥) | i ∈ I} and every canonical formula α(F, D^♯, ⊥) where D^♯ is the set of all antichains in F, we have α(F, D^♯, ⊥) ∈ L iff there is a generated subframe of F that is reducible to F_i for some i ∈ I.

It follows from (3) that K4 ⊕ φ is a splitting of NExt K4 iff φ is deductively equivalent in NExt K4 to a formula of the form α(F, D^♯, ⊥), where D^♯ is the set of all antichains in F (in this case K4/F = K4 ⊕ α(F, D^♯, ⊥)). Such formulas are known as Jankov formulas (Jankov [66] introduced them for intuitionistic logic in the algebraic setting), or frame formulas (used by Fine [43]), or Jankov–Fine formulas.

But the most interesting consequence can be drawn from (1) or (2): all logics mentioned in (1) and (2) of Theorem 6.2 have the fmp, and so are decidable if finitely axiomatisable. It follows, for instance, that all logics in NExt S4.3—which can be represented in the form (2) because antichains in frames for S4.3 are reflexive singletons—have the fmp. It is not hard to see also that all these logics are finitely axiomatisable which gives the well-known result of Bull [14] and Fine [40] from Theorem 5.9.

As we have already mentioned, practically all ‘standard’ modal logics in the field of K4 can be axiomatised by canonical formulas of the form α(F, ∅, ⊥) or α(F, ∅). This yields an answer to the question ‘why modal logic is so robustly decidable?’ of Vardi [158] for the case of transitive unimodal logics. Although it is impossible to effectively recognise whether a logic K4 ⊕ φ can be axiomatised by such formulas [24], there is a simple model-theoretic characterisation of logics from (1) and (2) of Theorem 6.2 discovered in [45,174]:

Theorem 6.3 (1) A logic L ∈ NExt K4 is axiomatisable by canonical formulas of the form α(F, ∅) iff L is characterised by a class of (general) frames that is closed under the formation of subframes.

(2) A logic L ∈ NExt K4 is axiomatisable by canonical formulas of the form α(F, ∅, ⊥) iff L is characterised by a class of (general) frames that is closed under the formation of cofinal subframes.

The logics from (1) and (2) are called subframe and cofinal subframe logics, respectively. It turns out that for these logics the notions of first-order definability, canonicity and strong Kripke completeness are equivalent; see [45,174] and Theorem 8.1 below. It is worth noting that the fmp of (cofinal) subframe logics and the decidability of those of them that are finitely axiomatisable (there are a continuum of subframe logics [174]) is obtained from Theorems 6.1 and 6.2 for free: it suffices to check whether the frame of the tested canonical formula is (cofinally) subreducible to the frame of one of the canonical axioms of a given logic. This provides us with another general method of proving that a given logic is Kripke complete, decidable, canonical, has the finite model property, etc.: usually it is much easier to check that the class of general frames for a given logic is closed under cofinal subframes and to find the logic’s canonical axioms than to use filtration and/or canonical models.

Problem 6.4 Characterise the computational complexity of finitely axiomatisable cofinal subframe logics (e.g., all such extensions of K4.3 are coNP-complete).

Problem 6.5 Give a syntactical characterisation of subframe and cofinal subframe logics (cf. Theorem 9.2).

Note that, for every (cofinal) subframe logic L and every formula φ /∈ L, there is a frame for L refuting φ whose size is exponential in the length of φ.

In general, question (B) does not seem to have such an elegant answer as for the case of cofinal subframe logics (see, however, [147] for a recent attempt to introduce ‘canonical formulas’ for NExt K). We can only console ourselves with a number of sufficient conditions of decidability, the fmp (in particular, Theorems 4.9 and 4.14) and some other properties imposed on the canonical axioms; for details consult [24,175,26,177].

6.2 Canonical formulas for tense logics of linear time flows

In this section we consider normal bimodal logics containing the tense logic Lin of linear orders (the class of all frames ⟨W, R_1, R_2⟩ in which R_2 is the converse of R_1 and R_1 is a linear order, i.e., R_1 is transitive and connected (∀x∀yxR_1y ∨ yR_1x ∨ x = y)). These logics are of interest in this chapter for two reasons. First, many natural and useful| modal logics are contained in this class, e.g., the Frank? logics determined by the flows of time ⟨N, <⟩, ⟨Z, <⟩, ⟨Q, <⟩, and ⟨R, <⟩ [15,128,135]. And second, this class is of exceptional interest because currently NExt Lin is the only lattice of modal logics for which almost every decision problem is decidable and which, nevertheless, contains numerous Kripke incomplete modal logics—where the standard techniques based on proving the finite model property or tree model property do not work.

The decidability results for logics in NExt Lin are based on two ingredients. First, they can be axiomatised by canonical formulas which explicitly show the geometrical and topological conditions they define. And second, a general completeness result establishes that they are determined by general frames which are composed from a set of rather simple ‘atomic’ general frames. In this part we introduce the canonical formulas. In the next section we discuss the general completeness theorem and survey its consequences regarding decision problems for logics in NExt Lin.

The logic Lin is obviously axiomatised as

Lin = K4_2 ⊕ p → �_1�_2p ⊕ p → �_2�_1p ⊕ �_1�_2p ∨ �_2�_1p → p ∨ �_1p ∨ �_2p.

To begin our discussion of canonical formulas for logics extending NExt Lin observe that Dedekind cuts can be characterised by means of splittings with the frame ∘ ∘� . In fact, one can show that

Log {⟨R, <, >⟩} = Log {⟨Q, <, >⟩}/ ∘ ∘� .

The intuition behind this equation should be clear from the observation that the class of rooted general frames for Log {⟨Q, <, >⟩}/ ∘ ∘� consists of all general frames ⟨ W, R, R^{−1}, P ⟩ such that

• ⟨W, R⟩ is a dense linear order without endpoints (i.e., it validates ∀x∀y(xRy → ∃z(xRz ∧ zRy)), ∀x∃y xRy and ∀x∃y yRx) and • there is no p-morphism from ⟨ W, R, R^{−1}, P ⟩ onto ∘ ∘� .

But such a p-morphism exists iff there is a partition X, Y ∈ P of W such that

∀x ∈ X∀y ∈ Y xRy, ∀x ∈ X∃y ∈ X xRy, ∀x ∈ Y ∃y ∈ Y yRx. (10)

Observe that ⟨Q, <, >⟩ /∈ Fr Log {⟨Q, <, >⟩}/ ∘ ∘� since, for example, X = {x ∈ Q | x < √ 2} and Y = {y ∈ Q | y > √ 2} form such a partition.

To characterise the class of all linear orders without partitions satisfying (10), we have to weaken the splitting formula. For example, the frame ⟨{x ≥ 0 | x ∈ Q}, <, >⟩ (which obviously has a partition satisfying (10)) validates Lin/∘ ∘� ,

simply because it contains an irreflexive left endpoint and, therefore, cannot be p-morphically mapped onto ∘ ∘� . To obtain the class of all linear orders without partitions satisfying (10) the point a in ∘ ∘^{a b}� should be regarded as reflexive by the operator �_1 for the future but as an arbitrary linear order by the operator �_2 for the past. To make this idea precise, we introduce the notion of a type assignment t = (t_1, t_2) which is a map from the set of clusters C of a finite linear order into the set of pairs over {j, m} such that tC = (t_1C, t_2C) = (m, m) for every cluster C consisting of an irreflexive point. Here j stands for ‘joker’ and m stands for ‘maximal.’ For example, tC = (m, j) means intuitively that cluster C should be regarded as ‘what it is’ by �_1 and as an arbitrary linear order by �_2. The condition that irreflexive points are mapped to (m, m) means that they are always regarded as what they are, that is, irreflexive points. Before we associate with every finite linear order with type assignment ⟨F, t⟩ a formula α(F, t) with the corresponding meaning some notation is required.

Given a finite sequence F = ⟨ F_i = ⟨ W_i, R_i, R^{−1}_i , P_i ⟩ | 1 ≤ i ≤ n ⟩ of disjoint frames, we denote by [F] = F_1 � · · · � F_n the ordered sum of them, i.e., the frame ⟨ W, R, R^{−1}, P ⟩ in which W = n⋃ i=1 W_i, R = n⋃ i=1 R_i ∪ ⋃ 1≤i<j≤n

(W_i × W_j )

and P = {X_1 ∪ · · · ∪ X_n | X_i ∈ P_i}. Each finite frame can be represented then as the ordered sum C_1 � · · · � C_n of its clusters.

With every finite tense frame F = ⟨W, R, ⟩ = C_1 � · · · � C_n with cluster assignment t = (t_1, t_2) we associate the formula α(F, t) = ¬δ(F, t), where δ(F, t) = δ(F, t) ∧ �_F δ(F, t) ∧ �_P δ(F, t)), and δ(F, t) = ⋀ {p_x → ¬p_y | x ≠ y} ∧ ⋀ {p_x → ¬�_P p_y | ¬(xRy)} ∧ ⋀ {p_x → �_F p_y | ∃i ≤ n (t_1C_i = m ∧ x, y ∈ C_i ∧ xRy)} ∧ ⋀ {p_x → �_P p_y | ∃i ≤ n (t_2C_i = m ∧ x, y ∈ C_i ∧ xR^{−1}y)} ∧ ⋁ {p_y | y ∈ W } ∧ ⋀ {�_F p_y ∨ p_y ∨ �_P p_y | y ∈ W }.

To explain the semantical meaning of these formulas, notice first that if tC = (m, m) for all clusters C then G |̸= α(F, t) is iff G there exists a p-morphism from G onto F. Therefore,

Lin/F = Lin ⊕ α(F, t).

If t_iC = j for some i ∈ {1, 2} and some cluster C in F, then the formula α(F, t) can be refuted in frames that do not necessarily have F as a p-morphic image. In this case G |̸= α(F, t) iff there exist frames G_i, for 1 ≤ i ≤ n, such that G = G_1 � · · · � G_n and G_i |̸= α(C_i, t ↾ C_i) for all 1 ≤ i ≤ n. So it suffices to consider G |̸= α(C, t) for a cluster C. Assume for simplicity that G is a Kripke frame. Case 1: tC = (j, j). Then G |̸= α(C, t) iff |G| ≥ |C|. Case 2: tC = (m, j). Then C is nondegenerate and G |̸= α(C, t) iff either G contains an R-final cluster of cardinality ≥ |C| or it has no R-final point at all. Case 3: tC = (j, m). This is the mirror image of Case 2. Case 4: tC = (m, m). If C is an irreflexive point then G is an irreflexive point as well whenever G |̸= α(C, t). If C is non-degenerate and G |̸= α(C, t) then G satisfies the conditions of Cases 2 and 3.

Now, the following is proved in [163]:

Theorem 6.6 There exists an algorithm which, given a formula φ, returns canonical formulas α(F_1, t_1), . . . , α(F_n, t_n) such that

Lin ⊕ φ = Lin ⊕ α(F_1, t_1) ⊕ . . . ⊕ α(F_n, t_n).

Ord_t = Log {⟨ξ, <, >⟩ | ξ an ordinal} = Lin ⊕ α(−, (∘, (j, m)))

E_t = Lin ⊕ �_1⊤ ⊕ �_2⊤ =

Lin ⊕ α(−, (•, (m, m))) ⊕ α((•, (m, m)), −)

RD = Log {G | ∀x(¬xRx → ∃y(xRy ∧ {z | xRzRy} = ∅))} =

Lin ⊕ α(−, (•, (m, m))) ⊕ α(−, (•, (m, m)) � (∘, (m, j)))

LD = the mirror image of RD

Z_t = Log ⟨Z, <, >⟩ =

RD ⊕ LD ⊕ α((∘, (j, j)) � (∘, (j, m))) ⊕ α((∘, (m, j)) � (∘, (j, j)))

Ds_n = Lin ⊕ �^{n+1}_1 p → �^n_1 p =

Lin ⊕ α(−, (•, (m, m) � · · · � (•, (m, m)) n+1 , −)

Q_t = Log ⟨Q, <, >⟩ = Ds_1 ⊕ E_t

R_t = Log ⟨R, <, >⟩ = Q_t ⊕ α((∘, (m, j)) � (∘, (j, m))) Table 2 Axiomatisations of standard tense logics

Canonical axiomatisations of some standard linear tense logics are shown in Table 2, where we use the following notation. Given a finite frame F = C_1 � · · · � C_n, we write α((C_1, tC_1) � · · · � (C_n, tC_n)) instead of α(F, t) and α(−, (C_1, tC_1) � · · · � (C_n, tC_n)) instead of

α((C_1, tC_1) � · · · � (C_n, tC_n)) ⊕ α((∘, (j, j)) � (C_1, tC_1) � · · · � (C_n, tC_n)).

α((C_1, tC_1) � · · · � (C_n, tC_n), −) is defined analogously.

Applications of this result will be discussed in the section below.

7 Decision problems for tense logics

In this section we show that in NExt Lin almost all decision problems are decidable. For example, we can decide whether a finitely axiomatisable logic is Kripke complete, has the finite model property, is canonical, etc. Moreover, finitely axiomatisable linear tense logics turn out to be coNP-complete. Thus, NExt Lin is an example of a class of logics for which the original research programme has a complete and ‘positive’ solution.

The first step in understanding logics in NExt Lin was done in the section above, where we saw that they can be axiomatised by canonical formulas α(F, t) which show directly the geometric and topological conditions definable on linear orders by means of bimodal formulas. The second step is a completeness result which determines a class of rather simple general frames which respect to which every logic in NExt Lin is complete. We require the following notation:

(1) Denote by ◯k the non-degenerate cluster with k > 0 points.

(2) Let ω^<(0) be the strictly ascending chain ⟨ω, <, >⟩ of natural numbers, ω^<(1) the chain ⟨ω, ≤, ≥⟩, ω^<(2) the ascending chain of natural numbers in which precisely the even points are reflexive, ω^<(3) the chain in which precisely the multiples of 3 are reflexive, and so on; ω^>(n) is the mirror image of ω^<(n).

(3) C(0, ◯1 ) = ⟨ω^<(0) � ◯1 , P ⟩, where P consists of all cofinite sets containing ◯1 and their complements. We generalise this construction to chains ω^<(n) and clusters ◯k . Namely, for n < ω, k > 1 and ◯k = {a_0, . . . , a_{k−1}}, we put

C(n, ◯k ) = ⟨ω^<(n) � ◯k , P ⟩,

where P is the set generated by means of the Boolean operators from the set of finite subsets of ω^<(n) and the sets {X_i | 0 ≤ i ≤ k − 1}, for X_i = {a_i} ∪ {kj + i | j ∈ ω}, 0 ≤ i ≤ k − 1. C(◯k , n) denotes the mirror image of C(n, ◯k ).

(4) C(0, ◯1 , 0) = ⟨ω^<(0) � ◯1 � ω^>(0), P ⟩, where P consists of all cofinite sets containing ◯1 and their complements.

It is easy to check that the frames defined in (3) and (4) are descriptive and a singleton {x} is in P iff x ∉ ◯k . Notice also that the logics Log(C(n, ◯k )), Log(C(◯k , n)), k ≥ 2, and LogC(0, ◯1 , 0) are Kripke incomplete.

For a class of frames C, we denote by C^∗ the class of finite sequences of frames from C and let [C^∗] = {[F] | F ∈ C^∗}. The class of finite clusters and the frames of the form (3) and (4) is denoted by B. We are now in a position to formulate the completeness result:

Theorem 7.1 Each logic L ∈ NExt Lin is determined by a set C ⊆ [B^∗].

Proof We briefly explain the idea of the proof. Suppose that M = ⟨F, V⟩ is a countermodel for α = α((C_1, tC_1) � · · · � (C_n, tC_n)) based on a descriptive frame F = ⟨W, R, R^{−1}, P ⟩. We must show that there exists G ∈ [B^∗] refuting α and such that Log G ⊇ Log F. Consider the sets

W_i = {y ∈ W | (M, y) |= ⋁ {p_x | x ∈ C_i}}.

One can easily show that W_i are intervals in F and F = F_1 � · · · � F_n, for the subframes F_i of F induced by W_i. Moreover, G = [G] is as required if G = ⟨G_1, . . . , G_n⟩ is a sequence in B^∗ such that Log G_i ⊇ Log F_i, and G_i |̸= α(C_i, tC_i), for 1 ≤ i ≤ n. Frames G_i with those properties are constructed in [163]. �

Example 7.2 The logic Q_t of the rational numbers is determined by the frames F ∈ [B^∗] which contain no pair of adjacent irreflexive points. The logic R_t of the real line is determined by the frames F ∈ [B^∗] which contain neither a pair of adjacent irreflexive points nor a pair of adjacent non-degenerate clusters.

Now, based on both the canonical formulas for logics in NExt Lin and this completeness result, [93] shows:

Theorem 7.3 (i) All finitely axiomatisable logics in NExt Lin are coNP-complete.

(ii) All logics determined by a frame G ∈ [B^∗] are coNP-complete.

Proof sketch. (ii) is proved by showing that, given a formula ψ, it can be checked in nondeterministic polynomial time in the length of ψ whether it is satisfiable in a given G ∈ [B^∗]. To this end, [93] shows that it is sufficient to check satisfiability of ψ in a certain finite subframe of G (whose size is polynomial in ψ) under certain ‘good’ valuations.

(i) Suppose L = Lin ⊕ α(F_1, t_1) ⊕ · · · ⊕ α(F, t_n)

is given. Then [93] shows that any given formula ψ which is satisfiable in a frame G ∈ [B^∗] validating L is satisfiable in a frame of this type whose parameters (i.e., the number of blocks required, the size of its clusters, and the maximal n such that C(n, ◯k ) or C(◯k , n) occurs in it) are polynomial in ψ. By the proof of (ii), it can be checked in nondeterministic polynomial time whether ψ is satisfiable in such a frame. Additionally, one can show that it can be checked in polynomial time (in the length of ψ) whether such a frame validates a formula of the form α(F, t). �

Given the coNP-completeness of all finitely axiomatisable tense logics, at least two questions arise: First, are there interesting classes of finitely axiomatisable linear tense logics? Second, how complex are non-finitely axiomatisable linear tense logics? Regarding the second question, consider, for any M ⊆ N, the logic L_M determined by the class of frames

{⟨{1, . . . , m}, <⟩ | m ∈ M}.

Set ⊥ = p ∧ ¬p and ⊤ = p ∨ ¬p. Then the formula

φ_m = �_2⊥ ∧ �^{m+1}_1 ⊥ ∧ �^m_1 ⊤

is satisfiable in a frame validating L_M iff m + 1 ∈ M. Thus, for any set of natural numbers M there exists a tense logic of the same complexity as M. Regarding the first question, [163] determines a number of classes of finitely axiomatisable linear tense logics. For example, the following result is proved using Kruskal’s tree theorem [80]:

Theorem 7.4 A linear tense logic L is finitely axiomatisable whenever there exists n < ω such that �^n_1 p → �^{n+1}_1 p ∈ L. In particular, all linear tense logics of reflexive frames as well as all extensions of the tense logic of ⟨Q, <⟩ are finitely axiomatisable.

Where are the Kripke incomplete modal logics in NExt Lin? The reader can get an impression from the following result, proved in [163] and stated here without proof:

Theorem 7.5 Suppose that L ∈ NExt Lin and there is a Kripke frame of infinite length validating L. Then there exists a Kripke incomplete logic in NExt L.

As promised at the beginning of this section, we conclude by discussing a complete solution to our original research problem relativised to the set of logics in NExtLin. The proofs can be found in [162,165].

Theorem 7.6 There are algorithms which, given a formula φ, decide whether Lin ⊕ φ • has the finite model property; • has the interpolation property; • is Kripke complete; • is strongly complete; • is canonical.

We shall not go into details of the proof here. But the reader can get some impression regarding the combinatorics and methods involved from the criteria which allow us to decide whether a linear tense logic is canonical and strongly complete. Denote by B_+ the class of frames containing B together with frames C(n_1, ◯k , n_2) defined as follows. Suppose k > 1, n_1, n_2 < ω are such that n_1 + n_2 > 0 and ◯k = {a_0, . . . , a_{k−1}}. Then

C(n_1, ◯k , n_2) = ⟨ω^<(n_1) � ◯k � ω^>(n_2), P ⟩,

where P is the set of possible values generated by {X_i | 0 ≤ i ≤ k − 1}, for

X_i = {a_i} ∪ {kj + i | j ∈ ω} ∪ {k^∗j^∗ + i^∗ | j ∈ ω}

and {0^∗, 1^∗, . . . , n^∗, . . . } being the points in ω^>(n_2).

Let F be the class of frames of the form

⟨{0, . . . , n_1}, <, >⟩ � ◯1 � ⟨{0, . . . , n_2}, <, >⟩ or ⟨{0, . . . , n}, <, >⟩ .

Theorem 7.7 (i) A logic L ∈ NExtLin is canonical iff the underlying Kripke frame of each frame F ∈ [B^∗_+] for L validates L as well.

(ii) A logic L ∈ NExtLin is strongly complete iff for each frame F ∈ [B^∗_+] validating L, there exists a Kripke frame G for L which results from F by replacing

• every C(n, ◯k ) with ω^<(n) or ω^<(n) � H � ◯k , for some H ∈ F, and • every C(◯k , n) with ω^>(n) or ◯k � H � ω^>(n), for some H ∈ F, and • every C(n_1, ◯k , n_2) with ω^<(n_1) � H � ω^>(n_2), for some H ∈ F.

Example 7.8 The logic R_t of the real line is not canonical since C(2, ◯2 ) |= R_t but ω^<(2) � ◯2 |̸= R_t. However, R_t is strongly complete, since F |= R_t whenever G ∈ [B^∗_+] validates R_t and F is obtained from G as in the formulation of Theorem 7.7 with H = • ∈ F.

8 Subframe logics

If you randomly pick a logic from the list of Modal Logic celebrities introduced in this handbook, it is very likely that its frames are closed under the formation of subframes (as before, a Kripke frame G = ⟨V, S_1, . . . , S_n⟩ is a subframe of a Kripke frame F = ⟨W, R_1, . . . , R_n⟩ if V ⊆ W and S_i = R_i ↾ V , for 1 ≤ i ≤ n). Examples are the standard unimodal logics K (because the class of all frames is closed under subframes), K4, S5, and K4.3 (because transitivity, symmetry, reflexivity, and right-linearity are definable using universal first-order formulas and therefore preserved under the formation subframes), as well as GL and Grz (because the class of Noetherian frames is closed under subframes).

Moreover, many important operations on classes of frames preserve the property of being closed under forming subframes:

• the union and intersection of two classes of frames;

• the fusion K_1 ⊗ K_1 of classes of frames K_1 and K_2 (see Chapter ?? which, in the unimodal case, is defined by K_1 ⊗ K_2 = {⟨W, R_1, R_2⟩ | ⟨W, R_1⟩ ∈ K_1, ⟨W_2, R_2⟩ ∈ K_2};

• the tense extension (or addition of converse) K_t of a class of frames K, where

K_t = { ⟨ W, R, R^{−1} ⟩ | ⟨W, R⟩ ∈ K};

• the Boolean extension K^{∩,¬} of a class of frames K which consists of all frames

⟨W, R_1, . . . , R_n, R_1 ∩ R_2, W − R_1, . . .⟩

with 2^n| relations corresponding to the Boolean combinations of the R_i, for ⟨W, R_1, . . . , R_n⟩ ∈ K. 2^{2n}_{Frank?}

Using these operators we obtain numerous additional important modal ‘subframe logics:’ multimodal fusions like S5_n, minimal tense extensions like K4.3_t, and Boolean Modal Logics like K^{∩,−} are all examples of modal logics determined by classes of frames closed under subframes.

In this section we explore the extent to which the restriction to ‘subframe logics’ leads to general ‘positive’ results for properties like axiomatisability, decidability, Kripke completeness, and the fmp. A systematic investigation of subframe logics in NExt K4 was launched by Fine [45] (see also [174]). Subframe logics in NExt K_n as well as subframe tense and provability logics were investigated in [166].| Add_{ref} We begin by observing the fact that all the ‘negative’ results above were obtained using logics whose frames were not closed under subframes. So one might conjecture that ‘subframe logics’ behave better than arbitrary modal logics. The answer to this question is ‘yes’ and ‘no.’ Yes, because indeed there are general decidability (fmp, completeness, etc.) results explaining the nice behaviour of standard ‘subframe logics.’ The answer is ‘no,’ because still one can find intuitively ‘simple’ subframe logics with ‘bad’ properties.

First, we note, however, that for subframe logics a number of otherwise separable properties of modal logics fall together; for a proof see [166] or [177]. For logics from NExt K4 this result was first obtained by Fine [45].

Theorem 8.1 Suppose L is determined by a class of Kripke frames closed under subframes. Then the following conditions are equivalent:

(i) Fr L is universal, (ii) Fr L is first-order definable, (iii) L is D-persistent, (iv) L is strongly Kripke complete, (v) Fr L has the finite embedding property—i.e., F ∈ Fr L iff every finite subframe of F is in Fr L.

Note that for cofinal subframe logics L ∈ NExt K4 conditions (ii)–(iv) are equivalent [174].

Thomason’s analysis for subframe logics

Now let us see to which extent Thomason’s results (Theorem 2.1) hold for modal logics determined by classes of frames Fr φ closed under subframes.

Theorem 8.2 (a) There is an ML_6-formula φ such that Fr {φ} is closed under subframes and the set Th Fr {φ} = {ψ ∈ ML_6 | φ |≍ ψ}

is Π^1-complete.

(b) It is decidable whether, given φ ∈ ML_n with Fr {φ} closed under subframes, Log Fr {φ} is consistent.

(c) There is a set Γ of ML_1-formulas and an ML_1-formula φ such that Γ |≍ φ, but Δ |≭ φ for any finite Δ ⊂ Γ.

(d) Given a formula φ such that Fr {φ} is closed under subframes, every ψ with φ |≭ ψ is refutable in a countable frame validating φ.

(a) can be proved by modifying the proof of Theorem 2.1 (a) discussed above by introducing modalities for the converse relations of the relations R_1 and R_2 and modalities for the immediate successor relations for R_1 and R_2 and describing in ML_6 by means of a single formula φ sufficiently many properties of the class of all subframes of the product frame ⟨ω, <, +1⟩ × ⟨ω, <, +1⟩. (Notice, however, that those subframes are not necessarily product frames).

As the reduction of multimodal logics to unimodal logics employed in the proof of Theorem 2.1 (a) does not preserve the property of being a subframe logic, it is an open problem whether such examples of unimodal logics exist.

(c) still holds since the example provided in the proof of Theorem 2.1 (c) was closed under subframes. (b) and (d) are now ‘positive:’ (b) is trivial because it is sufficient to check whether φ is valid in at least one singleton frame. (d) can be proved by constructing inductively from a frame refuting ψ a countable subframe by selecting the witnesses required to satisfy �-formulas; see [166] for details.

Normal subframe logics

We have not defined yet the notion of a subframe logic in a formal way because a proper definition should be slightly more general than the one suggested by considering Kripke frames only: to be able to provide a syntactic characterisation of subframe logics, to ensure that K_n ⊕ Σ_1 ⊕ Σ_2 is a subframe logic whenever both K_n ⊕ Σ_1 and K_n ⊕ Σ_2 are subframe logics, and finally, to cover a number of

• ∘ • • •

� � � ω + 1 ω 2 1 0 · · · transitive nontransitive

Fig. 4.

interesting Kripke incomplete logics (like bimodal provability logics), we extend the definition of a subframe to general frames. Recall that a frame G = ⟨V, S_1, . . . , S_n, P ⟩ is a subframe of a frame F = ⟨W, R_1, . . . , R_n, Q⟩ if V ⊆ W , P = {A ∩ V | A ∈ Q}, and S_i = R_i ↾V , for 1 ≤ i ≤ n. A logic L is a subframe logic if its class of general frames is closed under subframes.

To describe subframe logics syntactically, define inductively the relativisation φ^p of a formula φ to a propositional variable p (which does not occur in φ) by taking

q^p = q ∧ p, q an atom,

(ψ ⊙ χ)^p = ψ^p ⊙ χ^p, for ⊙ ∈ {∧, ∨, →},

(�_iψ)^p = �_i(p → ψ^p) ∧ p

and put φ^{sf} = p → φ^p. It is not difficult to show that φ^{sf} is valid in a frame F iff φ is valid in all subframes of F. (Notice that if M is a model based on F, M^′ a model based on the subframe of F induced by {y | (M, y) |= p} and (M, x) |= q iff (M^′, x) |= q, for all variables q, then (M, x) |= φ^p iff (M^′, x) |= φ.) Therefore, we obtain

Proposition 8.3 The following conditions are equivalent for any L ∈ NExt K_n:

(i) L is a subframe logic, (ii) L = K_n ⊕ {φ^{sf} | φ ∈ Γ}, for some set of formulas Γ, (iii) L is characterised by a class of frames closed under subframes.

Based on this proposition, it is not difficult to see that the class of subframe logics forms a complete sublattice of NExt K_n. Now, the first question to address is whether there are Kripke incomplete subframe logics at all:

Example 8.4 (Van Benthem 1979) Let F = ⟨W, R, P ⟩ be the frame whose underlying Kripke frame is shown in Fig. 4 (ω + 1 sees only ω and the subframe generated by ω is transitive) and X ⊆ W is in P iff either X is finite and ω /∈ X or X is cofinite in W and ω ∈ X. It is easy to see that P is closed under ∩, − and �.

Let L be the logic of the frame F constructed in Example 8.4. Since every rooted subframe G of F is isomorphic to a generated subframe of F, L is a subframe logic. We show that L has the same Kripke frames as GL.3. Suppose G is a rooted Kripke frame for GL.3 refuting φ ∈ L. Then clearly G contains a finite subframe H refuting φ. Since H is a finite chain of irreflexive points, it is isomorphic to a generated subframe of F, contrary to F |̸= φ. Thus G |= L. Conversely, suppose G is a Kripke frame for L. Then G is irreflexive. For otherwise G refutes the formula φ = �^2(�p → p)∧�(�p → p) → �p, which is valid in F. Let us show now that G is transitive. Suppose otherwise. Then G refutes the formula �p → �(�p ∨ (�q → q)), which is valid in F because ω is a reflexive point. Finally, since G |= φ, G is Noetherian and since F is of width 1, we may conclude that G |= GL.3. It follows that the subframe logic L is Kripke incomplete. Indeed, it shares the same class of Kripke frames with GL.3 but �p → �p ∈ GL.3 − L.

We now follow the path described above for NExt K_n and analyse the location of Kripke complete and decidable subframe logics within the lattice of subframe logics.

Subframe logics of frames with transitive relations

A number of surprisingly general decidability and completeness results have been obtained for subframe logics whose frames are based on transitive relations. The first fundamental result on the finite model property (and therefore decidability and Kripke completeness) of subframe logics is due to Fine [45]. Although the following theorem can be obtained for free using the machinery of canonical formulas, here we show its proof using the maximal points technique of [43].

Theorem 8.5 (Fine) All unimodal subframe logics of transitive general frames (i.e., extensions of K4) have the finite model property. All finitely axiomatisable ones are decidable.

Proof sketch. The proof is based on the following fundamental observation: call a point x in a transitive frame F = ⟨W, R, P ⟩ non-eliminable if there is X ∈ P such that x ∈ X but no proper successor of x is in X (in other words, x is maximal in X); in this case we write x ∈ max_R X. Then one can show the following: if F is descriptive and x ∈ X ∈ P , then there exists a point y ∈ max_R X such that x = y or xRy.

Now suppose that L ⊇ K4 is a subframe logic. To prove that L has the finite model property, suppose that φ ∉ L. Take a model M = ⟨F, V⟩ refuting φ at a point x and based on a descriptive frame F = ⟨W, R, P ⟩ for L. Say that a point x ∈ W is non-eliminable relative to φ if there is a subformula ψ of φ such that x ∈ max_R{y ∈ W | y |= ψ} or x ∈ max_R{y ∈ W | y |= ¬ψ}. Now select recursively a set of points W^φ as follows:

• Set V = {x}.

• If there exist y ∈ V and �ψ ∈ sub φ such that y |= ¬�ψ, and there does not exist z ∈ V with z |= ¬ψ and yRz, then set V = V ∪ {z} for some non-eliminable z (relative to φ) with yRz and z |= ¬ψ. Otherwise, set W^φ = V and stop.

Construct a new model M^φ based on the frame F^φ = ⟨W^φ, R ↾W^φ⟩ by taking V^φ(p) = V(p)∩W^φ for all variables p in φ. Clearly, the Kripke frame F^φ is rooted, of depth ≤ l(φ), and no point has more than ℓ(φ) successors. Besides, one can easily show that (M^φ, y) |= ψ iff (M, y) |= ψ, for all ψ ∈ sub φ and y ∈ W^φ. Finally, one can show that F^φ is a frame for L (this is trivial if L is D-persistent; considerably more work is required if L is not D-persistent.) �

We consider now what happens if we move from a unimodal subframe logic L ∈ NExt K4 to the tense logic determined by (Fr L)_t. In other words, we move from unimodal logics to bimodal logics, where the second operator is interpreted by the inverse of the accessibility relation of the first operator. From a syntactic viewpoint, this semantic condition is captured by the axioms

p → �_1�_2p and p → �_2�_1p.

So, we set, for any normal unimodal logic L = K ⊕ Γ,

L_t = K_2 ⊕ Γ ⊕ {p → �_1�_2p, p → �_2�_1p}

and call L the minimal tense extension of L. General questions regarding minimal tense extensions are: What is the relation between L_t and the logic determined by the class of frames (Fr L)_t? Are Kripke completeness and decidability inherited from unimodal logics to minimal tense extensions? As far as Kripke completeness is concerned, the answer is negative: [161] gives an example of a logic L ∈ NExt K4 with the finite model property such that L_t is not Kripke complete. Transfer of decidability is an open problem. However, for minimal tense extensions of subframe logics in NExt K4 a complete answer has been given in [160,164]:

Theorem 8.6 If L ∈ NExtK4 is a subframe logic then

(i) L_t is Kripke complete and determined by (Fr L)_t;

(ii) L_t has the finite model property iff L is canonical iff Fr L is first-order definable; (iii) L_t is decidable whenever L is finitely axiomatisable.

So, by (i), L_t is indeed Kripke complete whenever L is a subframe logic containing K4. The first exciting bit of this theorem is (ii). It connects the finite model property of minimal tense extensions with first-order definability: for first-order definable subframe logics like K4, S4, K4.3, and S4.3 we obtain that their minimal tense extensions still have the finite model property, while minimal tense extensions of subframe logics that are not first-order definable, say, GL_t and Grz_t, do not enjoy this property. For some examples, such as Grz_t, this can be proved easily: just observe that the Grzegorczyk axiom �_2(�_2(p → �_2p) → p) → p

is refuted in ⟨ω, ≥, ≤⟩ and so does not belong to Grz_t; however, it is clearly valid in all finite partial orders (which coincide with the finite frames in (Fr Grz)_t).

The second interesting news here is that (iii) provides us with a decidability result for a class of logics which (in general) neither have the finite model property nor the tree model property. In fact, to prove (iii) [164] introduces so-called quasi-frames, that is, frames which come together with type assignments (similar to those in Section 6.2) and with respect to which minimal tense extensions of subframe logics have the bounded finite model property.

The decidability result in Theorem 8.6 does not cover Kripke incomplete logics, and one may wonder whether there exist at all natural and interesting classes of decidable modal logics containing Kripke incomplete ones. The answer is ‘yes:’ one such class is the set of all finitely axiomatisable (possibly non-normal) subframe logics containing the bimodal provability logic

CSM_0 = GL ⊗ GL ⊕ {�_1 → �_2p, �_2p → �_1�_2p}

(named so in [159] after Carlson, Smorynski and Montagna). Almost all bimodal provability logics discussed and investigated in the literature [112,137] are indeed (sometimes non-normal) subframe logics. For the proof of this result see [167].

The lattice of all subframe logics

We have seen above a lot of beautiful and useful decidability results for subframe logics over transitive relations. Unfortunately, the situation changes drastically as soon as not all accessibility relations are transitive. In this part we summarise what is known in this case. First we shall see| that at least Changed the ‘upper part’ of the lattice of subframe logics is quite well-behaved. Recall that K ⊕ alt_n is the logic determined by the frames in which no point has more than n successors. The following result is proved by first showing that all subframe logics containing K ⊕ alt_n are Kripke complete [1] and then proving that if a formula φ is refuted in a frame validating alt_n then one can always select finitely many points from that frame in which φ is refuted. (It should be clear from the proof that this result still holds for multimodal subframe logics in which for each operator an axiom of the form alt_n holds.)

Theorem 8.7 All subframe logics containing some K ⊕ alt_n have the finite model property.

Now we say that a subframe logic L is strictly sf-complete if there does not exist another subframe logic L^′ with the same Kripke frames as L. In comparison with NExt K, where according to Blok’s dichotomy for almost every interesting L there exist uncountably many modal logic L^′ with the same Kripke frames as L, the situation is much more diverse in the lattice of subframe logics. Example 8.4| Ref? shows that GL.3 is not strictly sf-complete. However, the logics T, S4 and Grz turn out to be strictly sf-complete. As in the full lattice of normal modal logics, the notion of strict sf-completeness is closely related to the notion of splittings (now in the lattice of subframe logics) and the decidability of the axiomatisation problem for formulas axiomatising subframe logics. Say that a subframe logic L ∈ NExt K is a subframe union-splitting by a set F of finite rooted frames, in symbols

L = K/^{sf} F, if L is the smallest subframe logic such that F |̸= L, for at least one F ∈ F. For example,

T = K/^{sf} ∘ .

It is now readily checked that any Kripke complete subframe logic L which is a subframe unionsplitting by finitely many rooted frames is strictly sf-complete and {φ | K ⊕ φ^{sf} = L} is recursive whenever L is decidable. Based on these observations, the following partial results were obtained in [166]:

Theorem 8.8 (a) A subframe logic L containing K4 is strictly sf-complete iff L ⊈ GL.3 iff L is a subframe union-splitting. Moreover, if L ⊈ GL.3 is finitely axiomatisable, then {φ | K ⊕ φ^{sf} = L} is recursive.

(b) All subframe logics L ∈ NExtK ⊕ alt_n are strictly sf-complete and subframe union-splittings. Moreover, if L is finitely axiomatisable, then {φ | K ⊕ φ^{sf} = L} is recursive.

(c) It is decidable whether a finitely axiomatised subframe logic is determined by a finite number of finite frames (is tabular).

No general undecidability results have been proved so far for subframe logics.

Problem 8.9 Characterise the class of subframe logics L for which {φ | K ⊕ φ^{sf} = L} is recursive.

For example, although K4 is not a subframe union-splitting it is open whether {φ | K⊕φ^{sf} = K4} is recursive.

9 Superintuitionistic logics

Although C.I. Lewis constructed his first modal calculus S3 in 1918, it was Gödel’s [52] two page note that attracted serious attention of mathematical logicians to modal systems. While Lewis [90] used an abstract necessity operator to avoid paradoxes of the material implication, Gödel and earlier Orlov [117]^6 treated � as ‘it is provable’ to give a classical interpretation of intuitionistic propositional logic Int of Brouwer [12,13] and Heyting [63] by means of embedding it into a modal ‘provability’ system which turned out to be equivalent to Lewis’ S4.

Approximately at the same time Gödel [51] observed that there are infinitely many logics located between Int and classical logic Cl, which—together with the creation of constructive (proper) extensions of Int by Kleene [74] and Rose [122] (realisability logic), Medvedev [109] (logic of finite problems), Kreisel and Putnam [78]—gave an impetus to studying the class of logics intermediate between Int and Cl, started by Umezawa [149,150]. Gödel’s embedding of Int into S4, presented in an algebraic form by McKinsey and Tarski [108] and extended to all intermediate logics by Dummett and Lemmon [33], made it possible to develop theories of modal and intermediate logics in parallel ways. And the structural results of Blok [8] and Esakia [36,36] establishing an isomorphism between the lattices Ext Int and NExt Grz, along with preservation results of Maksimova and Rybakov [100] and Zakharyaschev [171], transferring various properties from modal to intermediate logics and back, showed that in many respects the theory of intermediate logics is reducible to the theory of logics in NExt S4.

To demonstrate this as well as some features of superintuitionistic logics is the main aim of this section. We will use the same system of notation as in the modal case. In particular, Ext Int is the lattice of all logics of the form Int+Γ (where Γ is an arbitrary set of formulas in the language of Int and + means taking the closure under modus ponens and substitution); we call them superintuitionistic logics or si-logics for short. Basic facts about the syntax and semantics of Int and relevant references can be found in [157,26]. A list of some ‘standard’ si-logics is given in Table 3.

6 Orlov’s paper remained unnoticed till the end of the 1980s. It is remarkable also for constructing the first system of relevant logic.

Cl = Int + p ∨ ¬p

SmL = Int + (¬q → p) → (((p → q) → p) → p)

KC = Int + ¬p ∨ ¬¬p

LC = Int + (p → q) ∨ (q → p)

SL = Int + ((¬¬p → p) → ¬p ∨ p) → ¬p ∨ ¬¬p

Table 3 A list of standard superintuitionistic logics

9.1 Intuitionistic frames

As in the case of modal logics, the adequate relational semantics for si-logics can be constructed on the base of the Stone representation of the algebraic ‘models’ for Int, known as Heyting (or pseudo-Boolean) algebras. It is hard to trace now who was the first to introduce intuitionistic general frames—the earliest references we know are [35] and [119]—but in any case, having at hand [71] and [54], the construction must have been clear.

An intuitionistic (general) frame is a triple F = ⟨W, R, P ⟩ in which R is a partial order on W ≠ ∅ and P is a collection of upward closed subsets (cones) in W containing ∅ and closed under ∩, ∪, and the operation ⊃ (for →) defined by

X ⊃ Y = {x ∈ W | ∀y ∈ x↑ (y ∈ X → y ∈ Y )}.

If P contains all upward closed subsets of W then F is called an intuitionistic Kripke frame and denoted by F = ⟨W, R⟩. An important feature of intuitionistic models M = ⟨F, V⟩ (where V maps propositional variables to sets in P ) is that V(φ), the value of a formula φ in M, is always upward closed.

Every intuitionistic frame F = ⟨W, R, P ⟩ gives rise to the Heyting algebra F^+ = ⟨P, ∩, ∪, ⊃, ∅⟩ called the dual of F. Conversely, given a Heyting algebra A = ⟨A, ∧, ∨, →, ⊥⟩, we construct its relational representation A_+ = ⟨W, R⟩ by taking W to be the set of all prime filters in A (a filter ∇ is prime if it is proper and a ∨ b ∈ ∇ implies a ∈ ∇ or b ∈ ∇), R to be the set-theoretic inclusion ⊆ and

P = {{∇ ∈ W | a ∈ ∇} | a ∈ A}.

It is readily checked that A_+, the dual of A, is an intuitionistic frame and A ∼= (A_+)^+. A frame F is called descriptive if F ∼= (F^+)_+. Duality between the basic truth-preserving operations on algebras and descriptive frames (taking p-morphic images, generated subframes and disjoint unions) is established by the same technique as in the modal case.

Since every consistent si-logic L is characterised by its Tarski–Lindenbaum algebra A_L, we conclude that L is also characterised by a class of intuitionistic frames, say, by the dual of A_L.

At the algebraic level, the connection between Int and S4 discovered by Gödel is reflected by the fact, established in [107], that the algebra of open elements (i.e., elements a such that �a = a) of every modal algebra for S4 (known as a topological Boolean algebra; see [118]) is a Heyting algebra and, conversely, every Heyting algebra is isomorphic to the algebra of open elements of a suitable algebra for S4. We explain this result in the frame-theoretic language.

Given a frame F = ⟨W, R, P ⟩ for S4 (which means that R is a quasi-order on W ), we denote by ρW the set of clusters in F—more generally, ρX = {C(x) | x ∈ X}—and put C(x)ρC(y) iff xRy,

ρP = {ρX | X ∈ P & X = �X} = {ρX | X ∈ P ∧ X & X ↑}.

It is readily checked that ρF = ⟨ρW, ρR, ρP ⟩ is an intuitionistic frame; we call it the skeleton of F. The skeleton of a model M = ⟨F, V⟩ for S4 is the model ρM = ⟨ρF, ρV⟩, where ρV(p) = V(�p).

Denote by T the Gödel translation prefixing � to all subformulas of a given intuitionistic formula.^7 Then for every model M for S4, every intuitionistic formula φ and every point x in M,

(ρM, C(x)) |= φ iff (M, x) |= T (φ).

It follows that φ ∈ Int implies T (φ) ∈ S4. To prove the converse, we should be able to convert intuitionistic frames F into modal ones with the skeleton (isomorphic to) F. This is trivial if F is a Kripke frame—we can just regard it to be a frame for S4, which in view of the Kripke completeness of both Int and S4, shows that T really embeds the former into the latter, i.e.,

φ ∈ Int iff T (φ) ∈ S4.

In general, one can construct a modal frame from an intuitionistic frame F = ⟨W, R, P ⟩ by taking the closure σP of P under the Boolean operations. Then ⟨W, R, σP ⟩ is a partially ordered modal frame; we denote it by σF. Moreover, we clearly have F ∼= ρσF. It is worth noting that if F = ⟨W, R⟩ is a finite intuitionistic Kripke frame then σF is also a Kripke frame. However, for an infinite F, σF is not in general a Kripke frame—witness ⟨ω, ≤⟩.

9.2 Canonical formulas

The language of canonical formulas, axiomatising all si-logics and characterising the structure of their frames, can be easily developed following the scheme of constructing the canonical formulas for K4 and using the connection between modal and intuitionistic frames established above. We confine ourselves here only to pointing out the differences from the modal case and some interesting peculiarities; details can be found in [169,170,26]. Actually, there are two important differences. First, in the definition of subreduction of F = ⟨W, R, P ⟩ to G the third condition does not correspond to the fact that all sets in P are upward closed. We replace it by the following condition

• ∀X ∈ Q f^{−1}(X)↓ ∈ P , where Q = {V − X | X ∈ Q} and P = {W − X | X ∈ P }.

G is a subframe of F if there is an injective subreduction of F to G. It is of interest to note that in the intuitionistic case (cofinal) subreductions are dual to IC(N)-subalgebras of Heyting algebras which only preserve implication, conjunction (and negation) but do not necessarily preserve disjunction.

Second, we have to change the definition of open domains. Now we say an antichain a (of at least two points) is an open domain in an intuitionistic model N relative to a formula φ if there ia a pair t_a = (Γ_a, Δ_a) such that Γ_a ∪ Δ_a = sub φ, ⋀ Γ_a → ⋁ Δ_a ∉ Int and

• ψ ∈ Γ_a iff a |= ψ for all a ∈ a.

It is worth noting that in any intuitionistic model every antichain a is open relative to every disjunction free formula φ. Indeed, let Γ_a be defined by condition above and Δ_a = sub φ − Γ_a. It should be clear that ψ ∧ χ ∈ Γ_a iff ψ ∈ Γ_a and χ ∈ Γ_a. And if ψ → χ ∈ Γ_a, ψ ∈ Γ_a but χ ∈ Δ_a then a |= ψ for every a ∈ a and b |̸= χ for some b ∈ a, whence b |̸= ψ → χ, which is a contradiction. It follows that ⋀ Γ_a → ⋁ Δ_a ∉ Int.

Now, as in the modal case, with every finite rooted intuitionistic frame F = ⟨W, R⟩ and a set D of antichains in it we can associate two formulas β(F, D, ⊥) and β(F, D), called the canonical and negation free canonical formulas, respectively, so that G |̸= β(F, D, ⊥) (G |̸= β(F, D)) iff there is a (cofinal) subreduction of G to F satisfying (CDC) for D.

Theorem 9.1 There is an algorithm which, given an intuitionistic φ, returns canonical formulas β(F_1, D_1, ⊥), . . . , β(F_n, D_n, ⊥) such that

Int + φ = Int + β(F_1, D_1, ⊥) + · · · + β(F_n, D_n, ⊥).

7 The translation defined in [52] does not prefix � to conjunctions and disjunctions. However, this difference is of no importance as far as embeddings into logics in NExtS4 are concerned.

Cl = Int + β( ∘ ∘ �)

SmL = Int + β( ∘ ∘ ∘ � � ) + β( ∘ ∘ ∘ � � ) KC = Int + β( ∘ ∘ ∘ � � , ⊥)

LC = Int + β( ∘ ∘ ∘ � � )

SL = Int + β^♯( ∘ ∘ ∘ ∘ � � � , ⊥)

Table 4 Canonical axioms of standard superintuitionistic logics

If φ is negation free then one can use only negation free canonical formulas. And if φ is disjunction free then all the D_i are empty.

In the intuitionistic case we have the following syntactical characterisation of subframe and cofinal subframe si-logics:

Theorem 9.2 (1) A si-logic is axiomatisable by implicative formulas iff it is determined by a class of (finite) frames closed under subframes.

(2) A si-logic is axiomatisable by disjunction-free formulas iff it is determined by a class of (finite) frames closed under cofinal subframes.

It follows from these two theorems (and the refutability criterion for the canonical formulas) that all cofinal subframe si-logics have the finite model property and are decidable if finitely axiomatisable. In fact, there are a continuum of subframe logics [173]. That all si-logics with disjunction-free axioms have the fmp was first proved by McKay [104] with the help of Diego’s [31] theorem according to which there are only finitely many pairwise nonequivalent in Int disjunction free formulas in variables p_1, . . . , p_n (see also [151]). An algebraic approach to superintuitionistic (cofinal) subframe logics has been recently developed in [2].

Problem 9.3 Characterise the computational complexity of cofinal subframe si-logics.

Table 4 shows canonical axiomatisations of the si-logics in Table 3. Using this ‘geometrical’ representation it is not hard to see, for instance, that SmL, known as the Smetanich logic, is the greatest consistent extension of Int different from Cl; it is the logic of the two-point rooted frame. KC, the logic of the Weak Law of the Excluded Middle, is characterised by the class of directed frames. It is the greatest si-logic containing the same negation free formulas as Int [68]. LC, the Dummett or chain logic, is characterised by the class of linear frames [32].

Jankov [69] proved that logics of the form Int+β(F, D^♯, ⊥) and only them are splittings of Ext Int. However, not every si-logic is a union-splitting of Ext Int.

Problem 9.4 Characterise the degree of Kripke incompleteness of si-logics.

9.3 Modal companions and preservation theorems

The fact that the Gödel translation T embeds Int into S4 and the relationship between intuitionistic and modal frames shown above can be used to reduce various problems concerning Int (e.g., proving decidability, Kripke completeness or the fmp) to those for S4 and vice versa. Moreover, it turns out that each logic in Ext Int is embedded by T into some logics in NExt S4, and for each logic in NExt S4 there is a logic in Ext Int embeddable in it.

We say a modal logic M ∈ NExt S4 is a modal companion of a si-logic L if L is embedded in M by T , i.e., if for every intuitionistic formula φ, we have φ ∈ L iff T (φ) ∈ M. If M is a modal companion of L then L is called the si-fragment of M and denoted by ρM. The reason for denoting the operator ‘modal logic → its si-fragment’ by the same symbol we used for the skeleton operator is explained by the simple fact that ρM = {φ | T (φ) ∈ M} and, moreover, if M is characterised by a class C of modal frames then ρM is characterised by the class ρC = {ρF | F ∈ C} of intuitionistic frames.

Thus, ρ maps NExtS4 into ExtInt. The following observation of [33] shows that actually ρ is a surjection. Given a logic L ∈ Ext Int, let

τ L = S4 ⊕ {T (φ) | φ ∈ L}.

Then, for every si-logic L, τ L is a modal companion of L.

Now we use the language of canonical formulas to show a general characterisation of all modal companions of a given si-logic L obtained in [170,171]. Notice first that for every modal frame G and every intuitionistic canonical formula β(F, D, ⊥), G |= α(F, D, ⊥) iff ρG |= β(F, D, ⊥), and so S4 ⊕ T (β(F, D, ⊥)) = S4 ⊕ α(F, D, ⊥). The same holds for the negation free canonical formulas.

Theorem 9.5 M ∈ NExt S4 is a modal companion of L = Int + {β(F_i, D_i, ⊥) | i ∈ I} iff M can be represented in the form

M = S4 ⊕ {α(F_i, D_i, ⊥) | i ∈ I} ⊕ {α(F_j , D_j , ⊥) | j ∈ J},

where every frame F_j, for j ∈ J, contains a proper cluster.

Thus, we have:

ρS4 = ρS4.1 = ρDum = ρGrz = Int,

ρS4.2 = ρ(S4.2 ⊕ Grz) = KC,

ρS4.3 = ρ(S4.3 ⊕ Grz) = LC,

ρS5 = ρ(S5 ⊕ Grz) = Cl.

Corollary 9.6 The set of modal companions of every consistent si-logic L forms the interval

ρ^{−1}(L) = [τ L, τ L ⊕ α(◯2 )] = {M ∈ NExt S4 | τ L ⊆ M ⊆ τ L ⊕ Grz}

and contains an infinite descending chain of logics.

Proof Notice first that α(F, D, ⊥) and α(F, D) are in Grz iff F contains a proper cluster. So ρ^{−1}(L) ⊆ [τ L, τ L ⊕ α(◯2 )]. On the other hand, the si-fragments of all logics in the interval are the same, namely L. Therefore, ρ^{−1}(L) = [τ L, τ L ⊕ α(◯2 )]. Now, if L is consistent then β(∘) ∉ L and so

τ L ⊂ . . . ⊂ τ L ⊕ α(◯k ) ⊂ · · · ⊂ τ L ⊕ α(◯2 ) ⊂ τ L ⊕ α(◯1 ) = For,

where For is the set of all intuitionistic formulas. � This result is due to Maksimova and Rybakov [100], Blok [8] and Esakia [37]. Thus, all modal companions of every si-logic L are contained between the least companion τ L and the greatest one, viz., τ L ⊕ α(◯2 ), which will be denoted by σL.

The following theorem, which is also a consequence of Theorem 9.5, describes lattice-theoretic properties of the maps ρ, τ and σ. Items (i), (ii) and (iv) in it were first proved in [100]; (iii) is known as the Blok–Esakia theorem [8,37].

Property of logics Preserved under

ρ τ σ

Decidability Yes Yes Yes

Kripke completeness Yes Yes No

Finite model property Yes Yes Yes

Tabularity Yes No Yes

Interpolation property Yes No No

First-order definability Yes Yes No Table 5 Preservation theorems

Theorem 9.7 (i) The map ρ is a homomorphism of the lattice NExt S4 onto the lattice Ext Int.

(ii) The map τ is an isomorphism from Ext Int into NExt S4. (iii) The map σ is an isomorphism from Ext Int onto NExt Grz. (iv) All these maps preserve infinite sums and intersections of logics.

The following theorem provides a deductive characterisation of the maps τ and σ.

Theorem 9.8 For every si-logic L and every modal canonical formula α(F, D, ⊥) built on a quasiordered frame F,

(i) α(F, D, ⊥) ∈ τ L iff β(ρF, ρD, ⊥) ∈ L;

(ii) α(F, D, ⊥) ∈ σL iff either F is partially ordered and β(F, D, ⊥) ∈ L or F contains a proper cluster.

The theorems above can be used for transferring various properties of modal logics to their sifragments and back. Some results of that sort are collected in Table 5; for proofs see [26].

9.4 Completeness

In this section we briefly discuss the most important general results concerning completeness of si-logics with respect to various classes of Kripke frames. (As in the modal case, the fmp and decidability of a good many concrete si-logics was proved using various forms of filtration; see, e.g., [46,116,136,47,39].)

That not all si-logics are complete with respect to Kripke frames was discovered by Shehtman [132], who found a way to adjust Fine’s [43] idea to the intuitionistic case. As to general positive results, notice first that the preservation theorems yield the following translation of Theorems 5.5–5.6 (silogics of finite width were studied by Sobolev [138]).

Theorem 9.9 (1) Every si-logic of finite depth has the fmp (in fact, is locally tabular).

(2) Every si-logic of width n is characterised by a class of Noetherian Kripke frames of width ≤ n.

Problem 9.10 Are finitely axiomatisable si-logics of width n > 1 decidable? What is their computational complexity?

An intuitionistic formula is said to be essentially negative if every occurrence of a variable in it is in the scope of some ¬. If φ is essentially negative then T (φ) is a �-formula, which—together with Theorem 4.6—yields the following result of McKay [105]:

Theorem 9.11 (McKay) If a si-logic L is decidable (or has the fmp) and φ is an essentially negative formula then L + φ is decidable (has the fmp).

∘ ∘ ∘ ∘� � � � ∘ ∘ ∘ ∘ � � � � �

∘ ∘ ∘ � � � � � � � � � �

∘ ∘ ∘ ∘ � � � � �

∘ ∘ ∘ ∘� � � � � � � � � � � � � � ∘ ∘ ∘ ∘ � � � � �

∘ ∘ ∘ � � � � � � � � � �

� � � � � � � � � � � � � � � � � � � � � � � � � � � �

Fig. 5.

Say that an occurrence of a variable in a formula is essential if it is not in the scope of any ¬. A formula φ is mild if every two essential occurrences of the same variable in φ are either both positive or both negative. Kuznetsov [83] claimed (we have not seen the proof) that all si-logics whose extra axioms do not contain negative occurrences of essential variables have the fmp. And Wroński [168] announced that if L is a decidable si-logic and φ a mild formula then L + φ is also decidable.

Since frames for Int contain no clusters, Theorem 8.1 and its analogue for cofinal subframe logics reduce in the intuitionistic case to the following result which is due to [27,121,134,174]:

Theorem 9.12 All si-logics with disjunction free axioms are first-order definable (definable by ∀∃- sentences) and D-persistent.

Nishimura [115] described all si-logics axiomatisable by one-variable formulas. As a consequence of his result and Theorem 4.14 we obtain the following theorem due to Sobolev [138]:

Theorem 9.13 (Sobolev) All si-logics with extra axioms in one variable have the fmp and are decidable.

In fact, Sobolev proved a more general (but rather complicated) syntactical sufficient condition of the fmp and constructed a formula in two variables axiomatising a si-logic without the fmp (Shehtman’s [132] incomplete si-logic has also axioms in two variables).

By the Blok–Esakia and preservation theorems, the situation with tabular logics in ExtInt is the same as in NExt Grz. In particular, there are only three pretabular logics in ExtInt [95], and the tabularity problem is decidable in ExtInt.

9.5 Medvedev’s logic

Although this chapter’s main concern is classes of logics rather than individual systems, we conclude it with a brief discussion of a very elegant and interesting si-logic introduced by Medvedev [109,110,111] and known as the logic of finite problems or the Medvedev logic ML. Semantically it can be defined as the set of intuitionistic formulas that are valid in all ‘topless’ n-ary Boolean cubes depicted in Fig. 5 for n = 1, 2, 3, 4. More precisely, let W_n be the family of nonempty subsets of a set with n > 0 elements and xR_ny means y ⊆ x, for x, y ∈ W_n. Then

ML = {φ | ⟨W_n, R_n⟩ |= φ for all n ≥ 1}.

It turns out that ML is a constructive si-logic in the sense that it enjoys the following disjunction property φ ∨ ψ ∈ ML implies φ ∈ ML or ψ ∈ ML

and, moreover, no proper extension of ML is constructive in this sense [89,99]. In fact, there are a continuum of maximal constructive si-logics [73,98,20,39], and not a single one of them is known to be finitely axiomatisable or decidable. In particular, [101] shows that ML is not finitely axiomatisable.

Problem 9.14 Does there exist a decidable maximal si-logic with the disjunction property? In particular, is ML decidable?

Problem 9.15 Does there exist a finitely axiomatisable maximal si-logic with the disjunction property?

Acknowledgments The work on this chapter was partially supported by the U.K. EPSRC grants GR/S61966/01, GR/S63182/01, GR/S63175/01, GR/S61973/01. We are grateful to our friends and colleagues Aleksander Chagrov and Ian Hodkinson for providing some material for this chapter. Thanks are also due to R. Iemhoff and V. Shehtman for their constructive comments and suggestions.

References

[1] Bellissima, F., On the lattice of extensions of the modal logic K.Alt_n, Archive of Mathematical Logic 27 (1988), pp. 107–114.

[2] Bezhanishvili, G. and S. Ghilardi, An algebraic approach to subframe logics. Part I (2005), manuscript. [3] Bezhanishvili, N., Varieties of two-dimensional cylindric algebras. Part I: diagonal-free case, Algebra Universalis 48 (2002), pp. 11–42.

[4] Bezhanishvili, N., Varieties of two-dimensional cylindric algebras II, Algebra Universalis 51 (2004), pp. 177–206.

[5] Bezhanishvili, N. and I. Hodkinson, All normal extensions of S5-squared are finitely axiomatizable, Studia Logica 78 (to appear), pp. Preprint PP–2003–25, ILLC, University of Amsterdam.

[6] Bezhanishvili, N. and M. Marx, All proper normal extensions of S5-square have the polynomial size model property, Studia Logica 73 (2003), pp. 367–382.

[7] Blackburn, P., M. de Rijke and Y. Venema, “Modal Logic,” Cambridge University Press, 2001. [8] Blok, W., “Varieties of interior algebras,” Ph.D. thesis, University of Amsterdam (1976). [9] Blok, W., On the degree of incompleteness in modal logics and the covering relation in the lattice of modal logics, Technical Report 78-07, Department of Mathematics, University of Amsterdam (1978).

[10] Blok, W., Pretabular varieties of modal algebras, Studia Logica 39 (1980), pp. 101–124. [11] Börger, E., E. Grädel and Y. Gurevich, “The Classical Decision Problem,” Perspectives in Mathematical Logic, Springer, 1997.

[12] Brouwer, L., “Over de Grondslagen der Wiskunde,” Ph.D. thesis, Amsterdam (1907), translation: “On the foundation of mathematics” in A. Heyting, editor, Brouwer, Collected Works I, pages 11–101. Elsevier, North-Holland, 1975.

[13] Brouwer, L., De onbetrouwbaarheid der logische principes, Tijdschrift voor Wijsbegeerte 2 (1908), pp. 152– 158, translation: “The unreliability of the logical principles,” ibid, pages 107–111.

[14] Bull, R., That all normal extensions of S4.3 have the finite model property, Zeitschrift für Mathematische Logik und Grundlagen der Mathematik 12 (1966), pp. 341–344.

[15] Bull, R., An algebraic study of tense logic with linear time, Journal of Symbolic Logic 33 (1968), pp. 27–38. [16] Chagrov, A., The lower bound for the cardinality of approximating Kripke frames, in: M. Kanovich, editor, Logical Methods for Constructing Effective Algorithms, Kalinin State University, Kalinin, 1986 pp. 96–125, (Russian).

[17] Chagrov, A., Nontabularity—pretabularity, antitabularity, co-antitabularity, in: Algebraic and Logical Constructions, Kalinin State University, Kalinin, 1989 pp. 105–111, (Russian).

[18] Chagrov, A., Undecidable properties of extensions of provability logic. I, Algebra and Logic 29 (1990), pp. 231–243.

[19] Chagrov, A., Undecidable properties of extensions of provability logic. II, Algebra and Logic 29 (1990), pp. 406–413.

[20] Chagrov, A., Continuality of the set of maximal superintuitionistic logics with the disjunction property, Mathematical Notes 51 (1992), pp. 188–193.

[21] Chagrov, A., Undecidable properties of superintuitionistic logics, in: S. Jablonskij, editor, Mathematical Problems of Cybernetics, vol.5, Physmatlit, Moscow, 1994 pp. 67–108, (Russian).

[22] Chagrov, A., The algorithmic problem of axiomatising a tablular normal modal logic, in: Logical Investigations, Nauka, Moscow, 2002 pp. 251–263, (Russian).

[23] Chagrov, A. and V. Shehtman, Algorithmic aspects of propositional tense logics, Lecture Notes in Computer Science 933, Springer, 1995 pp. 442–455.

[24] Chagrov, A. and M. Zakharyaschev, The undecidability of the disjunction property of propositional logics and other related problems, Journal of Symbolic Logic 58 (1993), pp. 49–82.

[25] Chagrov, A. and M. Zakharyaschev, Sahlqvist formulas are not so elementary even above S4, in:

L. Csirmaz, D. Gabbay and M. de Rijke, editors, Logic Colloquium’92, CSLI Publications, Stanford, 1995 pp. 61–73.

[26] Chagrov, A. and M. Zakharyaschev, “Modal Logic,” Oxford Logic Guides 35, Clarendon Press, Oxford, 1997.

[27] Chagrova, L., On the first order definability of intuitionistic formulas with restrictions on occurrences of the connectives, in: M. Kanovich, editor, Logical Methods for Constructing Effective Algorithms, Kalinin State University, Kalinin, 1986 pp. 135–136, (Russian).

[28] Chagrova, L., An undecidable problem in correspondence theory, Journal of Symbolic Logic 56 (1991), pp. 1261–1272.

[29] Chagrova, L., On the degree of neighbourhood incompleteness of normal modal logics, in: M. Kracht, M. Rijke, H. Wansing and M. Zakharyaschev, editors, Advances in Modal Logic 1, CSLI Publications, 1998 pp. 63–72.

[30] de Rijke, M. and Y. Venema, Sahlqvist’s theorem for Boolean algebras with operators, Studia Logica 54 (1995), pp. 61–78.

[31] Diego, A., “Sur les algèbres de Hilbert,” Gauthier-Villars, Paris, 1966.

[32] Dummett, M., A propositional calculus with denumerable matrix, Journal of Symbolic Logic 24 (1959), pp. 97–106.

[33] Dummett, M. and E. Lemmon, Modal logics between S4 and S5, Zeitschrift für Mathematische Logik und Grundlagen der Mathematik 5 (1959), pp. 250–264.

[34] Enderton, H., “A Mathematical Introduction to Logic,” Academic Press, New York, 2001, 2nd edition. [35] Esakia, L., Topological Kripke models, Soviet Mathematics Doklady 15 (1974), pp. 147–151. [36] Esakia, L., On varieties of Grzegorczyk algebras, in: A. I. Mikhailov, editor, Studies in Non-classical Logics and Set Theory, Moscow, Nauka, 1979 pp. 257–287, (Russian).

[37] Esakia, L., To the theory of modal and superintuitionistic systems, in: V. Smirnov, editor, Logical Inference.

Proceedings of the USSR Symposium on the Theory of Logical Inference (1979), pp. 147–172, (Russian). [38] Esakia, L. and V. Meskhi, Five critical systems, Theoria 40 (1977), pp. 52–60. [39] Ferrari, M. and P. Miglioli, Counting the maximal intermediate constructive logics, Journal of Symbolic Logic 58 (1993), pp. 1365–1408.

[40] Fine, K., The logics containing S4.3, Zeitschrift für Mathematische Logik und Grundlagen der Mathematik 17 (1971), pp. 371–376.

[41] Fine, K., An ascending chain of S4 logics, Theoria 40 (1974), pp. 110–116.

[42] Fine, K., An incomplete logic containing S4, Theoria 40 (1974), pp. 23–29. [43] Fine, K., Logics containing K4, part I, Journal of Symbolic Logic 39 (1974), pp. 229–237. [44] Fine, K., Normal forms in modal logic, Notre Dame Journal of Formal Logic 16 (1975), pp. 31–42. [45] Fine, K., Logics containing K4, part II, Journal of Symbolic Logic 50 (1985), pp. 619–651. [46] Gabbay, D., The decidability of the Kreisel–Putnam system, Journal of Symbolic Logic 35 (1970), pp. 431– 436.

[47] Gabbay, D. and D. de Jongh, A sequence of decidable finitely axiomatizable intermediate logics with the disjunction property, Journal of Symbolic Logic 39 (1974), pp. 67–78.

[48] Gabbay, D., A. Kurucz, F. Wolter and M. Zakharyaschev, “Many-Dimensional Modal Logics: Theory and Applications,” Elsevier, 2003.

[49] Gabelaia, D., A. Kurucz, F. Wolter and M. Zakharyaschev, Products of ‘transitive’ modal logics, Journal of Symbolic Logic 70 (2005), pp. 993–1021.

[50] Gehrke, M., H. Nagahashi and Y. Venema, A Sahlqvist theorem for distributive modal logic, Annals of Pure and Applied Logic 131 (2005), pp. 65–102.

[51] Gödel, K., Zum intuitionistischen Aussagenkalkül, Anzeiger der Akademie der Wissenschaften in Wien 69 (1932), pp. 65–66.

[52] Gödel, K., Eine Interpretation des intuitionistischen Aussagenkalküls, Ergebnisse eines mathematischen Kolloquiums 4 (1933), pp. 39–40.

[53] Goldblatt, R., First-order definability in modal logic, Journal of Symbolic Logic 40 (1975), pp. 35–40. [54] Goldblatt, R., Metamathematics of modal logic, Part I, Reports on Mathematical Logic 6 (1976), pp. 41– 78. [55] Goldblatt, R., The McKinsey axiom is not canonical, Journal of Symbolic Logic 56 (1991), pp. 554–562. [56] Goldblatt, R., “Mathematics of Modality,” Number 43 in CSLI Lecture Notes, CSLI Publications, Stanford, 1993.

[57] Goldblatt, R., Mathematical modal logic: a view of its evolution, Journal of Applied Logic 1 (2003), pp. 309–392.

[58] Goldblatt, R., I. Hodkinson and Y. Venema, Erdös graphs resolve Fine’s canonicity problem, Bulletin of Symbolic Logic 10 (2004), pp. 186–208.

[59] Goranko, V. and S. Passy, Using the universal modality: gains and questions, Journal of Logic and Computation 2 (1992), pp. 5–30.

[60] Goranko, V. and D. Vakarelov, Sahlqvist formulas unleashed in polyadic modal languages, in: F. Wolter, H. Wansing, M. de Rijke and M. Zakharyaschev, editors, Advances in Modal Logic. Volume 3, World Scientific, 2002 pp. 221–240.

[61] Grefe, C., “Modale Logiken funktionaler Frames,” Master’s thesis, Department of Mathematics, Freie Universität Berlin (1994).

[62] Harel, D., Effective transformations on infinite trees, with applications to high undecidability, dominoes, and fairness, Journal of the ACM 33 (1986), pp. 224–248.

[63] Heyting, A., Die formalen Regeln der intuitionistischen Logik, Sitzungsberichte der Preussischen Akademie der Wissenschaften (1930), pp. 42–56.

[64] Hodkinson, I., Hybrid formulas and elementarily generated modal logics (2005), preprint, www.doc.ic.

ac.uk/~imh/papers/ns.pdf.

[65] Hughes, G. and M. Cresswell, “A Companion to Modal Logic,” Methuen, London, 1984. [66] Jankov, V., The relationship between deducibility in the intuitionistic propositional calculus and finite implicational structures, Soviet Mathematics Doklady 4 (1963), pp. 1203–1204.

[67] Jankov, V., Some superconstructive propositional calculi, Soviet Mathematics Doklady 4 (1963), pp. 1103– 1105.

[68] Jankov, V., The construction of a sequence of strongly independent superintuitionistic propositional calculi, Soviet Mathematics Doklady 9 (1968), pp. 806–807.

[69] Jankov, V., Conjunctively indecomposable formulas in propositional calculi, Mathematics of the USSR, Izvestiya 3 (1969), pp. 17–35.

[70] Jónsson, B., On the canonicity of Sahlqvist identities, Studia Logica 53 (1994), pp. 473–491. [71] Jónsson, B. and A. Tarski, Boolean algebras with operators. I, American Journal of Mathematics 73 (1951), pp. 891–939.

[72] Kikot, S., A new generalization of Sahlqvist theorem, in: Algebraic and Topological Methods in Non- Classical Logics II, Barcelona, 2005, pp. 47–48.

[73] Kirk, R., A result on propositional logics having the disjunction property, Notre Dame Journal of Formal Logic 23 (1982), pp. 71–74.

[74] Kleene, S., On the interpretation of intuitionistic number theory, Journal of Symbolic Logic 10 (1945), pp. 109–124.

[75] Kracht, M., Modal logics that need large frames, Notre Dame Journal of Formal Logic 40 (1999), pp. 141– 173.

[76] Kracht, M., “Tools and Techniques in Modal Logic,” Studies in Logic, Elsevier, North-Holland, 1999. [77] Kracht, M. and F. Wolter, Normal monomodal logics can simulate all others, Journal of Symbolic Logic 64 (1999), pp. 99–138.

[78] Kreisel, G. and H. Putnam, Eine Unableitbarkeitsbeweismethode für den intuitionistischen Aussagenkalkül, Zeitschrift für Mathematische Logik und Grundlagen der Mathematik 3 (1957), pp. 74–78.

[79] Kripke, S., Semantical analysis of modal logic, Part I, Zeitschrift für Mathematische Logik und Grundlagen der Mathematik 9 (1963), pp. 67–96.

[80] Kruskal, J. B., Well-quasi-ordering, the tree theorem and Vazsonyi’s conjecture, Transactions of the American Mathematical Society 95 (1960), pp. 210–225.

[81] Kuznetsov, A., Undecidability of general problems of completeness, decidability and equivalence for propositional calculi, Algebra and Logic 2 (1963), pp. 47–66, (Russian).

[82] Kuznetsov, A., Some properties of the structure of varieties of pseudo-Boolean algebras, in: Proceedings of the XIth USSR Algebraic Colloquium, Kishinev, 1971, pp. 255–256, (Russian).

[83] Kuznetsov, A., The decidability of certain superintuitionistic calculi, in: Proceedings of the IInd USSR Conference on Mathematical Logic, Moscow, 1972, (Russian).

[84] Kuznetsov, A., On superintuitionistic logics, in: Proceedings of the International Congress of Mathematicians, Vancouver, 1975, pp. 243–249.

[85] Kuznetsov, A. and V. Gerchiu, Superintuitionistic logics and the finite approximability, Soviet Mathematics Doklady 11 (1970), pp. 1614–1619.

[86] Lemmon, E., Algebraic semantics for modal logic. I, Journal of Symbolic Logic 31 (1966), pp. 46–65. [87] Lemmon, E., Algebraic semantics for modal logic. II, Journal of Symbolic Logic 31 (1966), pp. 191–218. [88] Lemmon, E. and D. Scott, “An Introduction to Modal Logic,” Oxford, Blackwell, 1977. [89] Levin, V., Some syntactic theorems on the calculus of finite problems of Yu.T. Medvedev, Soviet Mathematics Doklady 10 (1969), pp. 288–290.

[90] Lewis, C., “A Survey of Symbolic Logic,” University of California Press, Berkeley, 1918. [91] Lewis, D., Intensional logics without iterative axioms, Journal of Philosophical logic 3 (1974), pp. 457–466.

[92] Litak, T., “An algebraic approach to incompleteness in modal logic,” Ph.D. thesis, JAIST (2005). [93] Litak, T. and F. Wolter, All finitely axiomatizable tense logics of linear time flows are coNP-complete (2005), to appear in Studia Logica.

[94] Makinson, D., Some embedding theorems for modal logic, Notre Dame Journal of Formal Logic 12 (1971), pp. 252–254.

[95] Maksimova, L., Pretabular superintuitionistic logics, Algebra and Logic 11 (1972), pp. 308–314. [96] Maksimova, L., Pretabular extensions of Lewis S4, Algebra and Logic 14 (1975), pp. 16–33. [97] Maksimova, L., Interpolation theorems in modal logics. Sufficient conditions, Algebra and Logic 19 (1980), pp. 120–132.

[98] Maksimova, L., On the number of maximal intermediate logics having the disjunction property, in:

Proceedings of the 7th USSR Conference for Mathematical Logic, Institute of Mathematics, Novosibirsk, 1984 p. 95, (Russian).

[99] Maksimova, L., On maximal intermediate logics with the disjunction property, Studia Logica 45 (1986), pp. 69–75.

[100] Maksimova, L. and V. Rybakov, Lattices of modal logics, Algebra and Logic 13 (1974), pp. 105–122. [101] Maksimova, L., V. Shehtman and D. Skvortsov, The impossibility of a finite axiomatization of Medvedev’s logic of finitary problems, Soviet Mathematics Doklady 20 (1979), pp. 394–398.

[102] Mal’cev, A., “Algorithms and Recursive Functions,” Wolters-Noordhoff, Groningen, 1970. [103] Marx, M., Complexity of products of modal logics, Journal of Logic and Computation 9 (1999), pp. 197– 214.

[104] McKay, C., The decidability of certain intermediate logics, Journal of Symbolic Logic 33 (1968), pp. 258– 264.

[105] McKay, C., A class of decidable intermediate propositional logics, Journal of Symbolic Logic 36 (1971), pp. 127–128.

[106] McKenzie, R., Equational bases and non-modular lattice varieties, Transactions of the American Mathematical Society 174 (1972), pp. 1–43.

[107] McKinsey, J. and A. Tarski, On closed elements in closure algebras, Annals of Mathematics 47 (1946), pp. 122–162.

[108] McKinsey, J. and A. Tarski, Some theorems about the sentential calculi of Lewis and Heyting, Journal of Symbolic Logic 13 (1948), pp. 1–15.

[109] Medvedev, Y., Finite problems, Soviet Mathematics Doklady 3 (1962), pp. 227–230. [110] Medvedev, Y., Interpretation of logical formulas by means of finite problems and its relation to the realizability theory, Soviet Mathematics Doklady 4 (1963), pp. 180–183.

[111] Medvedev, Y., Interpretation of logical formulas by means of finite problems, Soviet Mathematics Doklady 7 (1966), pp. 857–860.

[112] Montagna, F., Provability in finite subtheories of PA and relative interpretability: a modal investigation, Journal of Symbolic Logic 52 (1987), pp. 494–511.

[113] Nagle, M., The decidability of normal K5-logics, Journal of Symbolic Logic 46 (1981), pp. 319–328. [114] Nagle, M. and S. Thomason, The extensions of the modal logic K5, Journal of Symbolic Logic 50 (1985), pp. 102–108.

[115] Nishimura, I., On formulas of one variable in intuitionistic propositional calculus, Journal of Symbolic Logic 25 (1960), pp. 327–331.

[116] Ono, H., Some results on the intermediate logics, Publications of the Research Institute for Mathematical Science, Kyoto University 8 (1972), pp. 117–130.

[117] Orlov, I., The calculus of compatibility of propositions, Mathematics of the USSR, Sbornik 35 (1928), pp. 263–286, (In Russian).

[118] Rasiowa, H. and R. Sikorski, “The Mathematics of Metamathematics,” Polish Scientific Publishers, 1963. [119] Rautenberg, W., “Klassische und nichtklassische Aussagenlogik,” Vieweg, Braunschweig-Wiesbaden, 1979. [120] Reynolds, M. and M. Zakharyaschev, On the products of linear modal logics, Journal of Logic and Computation 11 (2001), pp. 909–931.

[121] Rodenburg, P., “Intuitionistic correspondence theory,” Ph.D. thesis, University of Amsterdam (1986). [122] Rose, G., Propositional calculus and realizability, Transactions of the American Mathematical Society 75 (1953), pp. 1–19.

[123] Rybakov, V., Noncompact extensions of the logic S4, Algebra and Logic 16 (1977), pp. 321–334. [124] Rybakov, V., Modal logics with LM-axioms, Algebra and Logic 17 (1978), pp. 302–310. [125] Sahlqvist, H., Completeness and correspondence in the first and second order semantics for modal logic, in: S. Kanger, editor, Proceedings of the Third Scandinavian Logic Symposium, North-Holland, 1975 pp. 110–143.

[126] Sambin, G. and V. Vaccaro, A topological proof of Sahlqvist’s theorem, Journal of Symbolic Logic 54 (1989), pp. 992–999.

[127] Scroggs, S., Extensions of the Lewis system S5, Journal of Symbolic Logic 16 (1951), pp. 112–120. [128] Segerberg, K., Modal logics with linear alternative relations, Theoria 36 (1970), pp. 301–322. [129] Segerberg, K., An essay in classical modal logic, Philosophical Studies 13 (1971). [130] Segerberg, K., Two-dimensional modal logic, Journal of Philosophical Logic 2 (1973), pp. 77–96. [131] Segerberg, K., Modal logics with functional alternative relations, Notre Dame Journal of Formal Logic 27 (1986), pp. 504–522.

[132] Shehtman, V., On incomplete propositional logics, Soviet Mathematics Doklady 18 (1977), pp. 985–989. [133] Shehtman, V., Topological models of propositional logics, Semiotics and Information Science 15 (1980), pp. 74–98, (Russian).

[134] Shimura, T., Kripke completeness of some intermediate predicate logics with the axiom of constant domain and a variant of canonical formulas, Studia Logica 52 (1993), pp. 23–40.

[135] Sistla, A. and E. Clarke, The complexity of propositional linear temporal logics, Journal of the Association for Computing Machinery 32 (1985), pp. 733–749.

[136] Smoryński, C., “Investigations of Intuitionistic Formal Systems by means of Kripke Frames,” Ph.D. thesis, University of Illinois (1973).

[137] Smoryński, C., “Self-reference and Modal Logic,” Springer Verlag, Heidelberg & New York, 1985. [138] Sobolev, S., On the finite approximability of superintuitionistic logics, Mathematics of the USSR, Sbornik 31 (1977), pp. 257–268.

[139] Spaan, E., “Complexity of Modal Logics,” Ph.D. thesis, Department of Mathematics and Computer Science, University of Amsterdam (1993).

[140] Thomason, S., Noncompactness in propositional modal logic, Journal of Symbolic Logic 37 (1972), pp. 716– 720.

[141] Thomason, S., Semantic analysis of tense logic, Journal of Symbolic Logic 37 (1972), pp. 150–158. [142] Thomason, S., An incompleteness theorem in modal logic, Theoria 40 (1974), pp. 30–34. [143] Thomason, S., Reduction of tense logic to modal logic I, Journal of Symbolic Logic 39 (1974), pp. 549–551.

[144] Thomason, S., The logical consequence relation of propositional tense logic, Zeitschrift für mathematische Logik und Grundlagen der Mathematik 21 (1975), pp. 29–40.

[145] Thomason, S., Reduction of second-order logic to modal logic, Zeitschrift für mathematische Logik und Grundlagen der Mathematik 21 (1975), pp. 107–114.

[146] Thomason, S., Undecidability of the completeness problem of modal logic, in: Universal Algebra and Applications, Banach Center Publications, vol.9 (1982), pp. 341–345.

[147] Tomaszewski, E., Algebraic approach to canonical formulas in ExtFL_{ew} and NExt K, in: Algebraic and Topological Methods in Non-Classical Logics II, Barcelona, 2005, pp. 82–83.

[148] Tseitin, G., Associative calculus with unsolvable equivalence problem, Proceedings of the Mathematical Steklov Institute of the USSR Academy of Sciences 52 (1958), pp. 172–189, translation: American Mathematical Society. Translations. Series 2. 94:73–92.

[149] Umezawa, T., Über die Zwischensysteme der Aussagenlogik, Nagoya Mathematical Journal 9 (1955), pp. 181–189.

[150] Umezawa, T., On intermediate propositional logics, Journal of Symbolic Logic 24 (1959), pp. 20–36. [151] Urquhart, A., Implicational formulas in intuitionistic logic, Journal of Symbolic Logic 39 (1974), pp. 661– 664.

[152] van Benthem, J., A note on modal formulas and relational properties, Journal of Symbolic Logic 40 (1975), pp. 85–88.

[153] van Benthem, J., Modal reduction principles, Journal of Symbolic Logic 41 (1976), pp. 301–312. [154] van Benthem, J., Canonical modal logics and ultrafilter extensions, Journal of Symbolic Logic 44 (1979), pp. 1–8.

[155] van Benthem, J., Some kinds of modal completeness, Studia Logica 39 (1980), pp. 125–141. [156] van Benthem, J., Correspondence theory, in: D. Gabbay and F. Guenthner, editors, Handbook of Philosophical Logic, vol.2, Reidel, Dordrecht, 1984 pp. 167–247.

[157] van Dalen, D., Intuitionistic Logic, in: D. Gabbay and F. Guenthner, editors, Handbook of Philosophical Logic, vol.3, Reidel, Dordrecht, 1986 pp. 225–339.

[158] Vardi, M., Why is modal logic so robustly decidable?, in: DIMACS Series in Discrete Mathematics and Theoretical Computer Science, vol.31, AMS, 1997 pp. 149–184.

[159] Visser, A., A course in bimodal provability logic, Annals of Pure and Applied Logic 73 (1995), pp. 115–142. [160] Wolter, F., The finite model property in tense logic, Journal of Symbolic Logic 60 (1995), pp. 757–774. [161] Wolter, F., A counterexample in tense logic, Notre Dame Journal of Formal Logic 37 (1996), pp. 167–173. [162] Wolter, F., Properties of tense logics, Mathematical Logic Quarterly 42 (1996), pp. 481–500. [163] Wolter, F., Tense logics without tense operators, Mathematical Logic Quarterly 42 (1996), pp. 145–171. [164] Wolter, F., Completeness and decidability of tense logics closely related to logics containing K4, Journal of Symbolic Logic 62 (1997), pp. 131–158.

[165] Wolter, F., A note on the interpolation property in tense logic, Journal of Philosophical Logic 26 (1997), pp. 545–551.

[166] Wolter, F., The structure of lattices of subframe logics, Annals of Pure and Applied Logic 86 (1997), pp. 47–100.

[167] Wolter, F., All finitely axiomatizable subframe logics containing CSM are decidable, Archive for Mathematical Logic 37 (1998), pp. 167–182.

[168] Wroński, A., Sufficient condition of decidability for intermediate propositional logics, in: ASL Logic Colloquium, Berlin’89, 1989.

[169] Zakharyaschev, M., On intermediate logics, Soviet Mathematics Doklady 27 (1983), pp. 274–277.

[170] Zakharyaschev, M., Syntax and semantics of intermediate logics, Algebra and Logic 28 (1989), pp. 262– 282.

[171] Zakharyaschev, M., Modal companions of superintuitionistic logics: syntax, semantics and preservation theorems, Mathematics of the USSR, Sbornik 68 (1991), pp. 277–289.

[172] Zakharyaschev, M., Canonical formulas for K4. Part I: Basic results, Journal of Symbolic Logic 57 (1992), pp. 1377–1402.

[173] Zakharyaschev, M., A sufficient condition for the finite model property of modal logics above K4, Bulletin of the IGPL 1 (1993), pp. 13–21.

[174] Zakharyaschev, M., Canonical formulas for K4. Part II: Cofinal subframe logics, Journal of Symbolic Logic 61 (1996), pp. 421–449.

[175] Zakharyaschev, M., Canonical formulas for K4. Part III: The finite model property, Journal of Symbolic Logic 62 (1997), pp. 950–975.

[176] Zakharyaschev, M. and A. Alekseev, All finitely axiomatizable normal extensions of K4.3 are decidable, Mathematical Logic Quarterly 41 (1995), pp. 15–23.

[177] Zakharyaschev, M., F. Wolter and A. Chagrov, Advanced modal logic, in: D. Gabbay and F. Guenthner, editors, Handbook of Philosophical Logic, vol.3, Kluwer Academic Publishers, 2001, 2nd edition pp. 83– 266.